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Abstract

I develop a dynamic general equilibrium model of exchange traded funds (ETFs) that ac-
counts for the two-tier ETF market structure with both a centralized exchange (secondary
market) and a creation/redemption mechanism (primary market) operating through market-
making firms known as Authorized Participants (APs). The model is tractable and allows for
any number of ETFs and basket securities. I show that the creation/redemption mechanism
serves as a shock propagation channel through which temporary demand shocks may have long-
lasting impacts on future prices. In particular, they may lead to a momentum in asset returns
and a persistent ETF pricing gap. Improving liquidity in the primary market stimulates cre-
ation/redemption and therefore strengthens the shock propagation channel. As a result, it may
amplify the volatility of both the underlying assets and the ETF pricing gap. At the same time,
introducing new ETFs may reduce both the volatility and co-movement in the returns and may

improve the liquidity of the underlying securities.
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1 Introduction

Exchange traded funds (ETFs) and other exchange traded products (ETPs) have grown tremen-
dously over the past several years and have attracted considerable attention from investors, regu-
lators and academics.! Numerous research papers have been written investigating empirically both
the pricing of ETFs and their impact on market risk and liquidity. In particular, regulatory con-
cerns about the hidden risks to which ETF investors are exposed and the threat that ETFs pose to

market stability have been a topic of continuous debate. For example, Ramaswamy (2011) suggests
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early 1990s is 26 percent, which is two times more than that of actively managed assets.



that ETFs may increase systemic risks, and the U.S. Securities and Exchange Commission (SEC)
has begun investigating the role of ETF's in increasing market volatility. Despite all these concerns,
however, there is not yet a single theoretical model that could be used to analyze the impact of
ETFs on the functioning of financial markets. Without such an equilibrium model, it is difficult to
assess the role and interactions of all the complex mechanisms that shape the underlying market
microstructure. Thus, the goal of this paper is to develop such a model.

An ETF is an investment fund traded on stock exchanges. An ETF originates with an “ETF
sponsor” who chooses the fund’s investment objective. A wide variety of ETFs are actively traded
in modern markets, with different ETFs holding stocks, commodities, or bonds. Most ETFs are
passive index tracking funds, and these have become popular investment devices because of their
low costs and tax efficiency. Two major features distinguish ETFs from open-end mutual funds.
First, retail investors can buy and sell ETF shares on a stock exchange through a broker-dealer, in
contrast to mutual fund shares, which are not listed on stock exchanges. Second, ETF shares can
only be created by large financial institutions called “Authorized Participants” (APs) that serve
as broker-dealers and ETF market makers on the stock exchange and have a special agreement
with the ETF sponsor. Specifically, at the end of each trading day, authorized participants can
create/redeem ETF shares? using one or a combination of two different mechanisms: “in-kind” and
“cash” transactions. In an in-kind transaction, an AP delivers the constituents of the index that
the ETF holds in the exact same weights as the index and receives in exchange the corresponding
number of ETF shares. In a cash transaction, ETF shares can be created/redeemed at the ETF
Net Asset Value (NAV), which is the market value of the portfolio that the ETF holds.®> The
NAV is typically calculated at the close of the same day (or the open of the next day if there is a
time zone difference between the ETF trading venue and that of the index constituents) after the
creation/redemption orders have been placed by the APs. Both creation/redemption mechanisms
serve two purposes. First, ETF sponsors effectively offer an additional primary market to APs that
serves as a source of complementary liquidity and therefore improves liquidity in the secondary
ETF market. Second, the creation/redemption mechanism ensures that ETF shares trade in line
with the underlying NAV; if the ETF price deviates from the NAV (that is, if ETF trades at a
premium or at a discount), APs can exploit this arbitrage opportunity by taking opposite positions
in the ETF and the underlying basket and then offloading this inventory to the ETF sponsor at the
end of the trading day. This built-in arbitrage mechanism is one of the critical ways in which ETFs
differ from closed-end funds; with the latter, there is no mechanism available to control supply and

demand pressures, and therefore closed-end funds often trade at massive premiums or discounts to
their NAV .4

2Creation/redemption is only allowed in large blocks (“creation units”), with a typical size of about 25,000 to
200,000 shares.

3The in-kind transactions allow for some flexibility: each business day, ETFs are required to make available a
portfolio composition file that describes the makeup of their “creation and redemption baskets” 7 a specific list of
names and quantities of securities or other assets designed to track the performance of the portfolio as a whole. In
the case of an index-based ETF, the creation and redemption baskets are either a duplicate or a sample of the ETF
portfolio (which samples the index).

“See, e.g., Cherkes, Sagi, and Stanton (2009). Another important difference is that closed-end funds are usually
actively managed.



The above institutional details are slightly different for synthetic ETFs. In contrast to the
physical ETFs discussed above, a synthetic ETF does not hold the underlying basket but rather
enters a total return swap agreement with an investment bank. In turn, the bank usually replicates
the underlying basket to hedge the total return swap position. Thus, from the supply/demand
point of view, the pair “ETF sponsor-investment bank” has a joint market impact that is similar
to that of the sponsor himself for the case of physical ETFs. Note also that synthetic ETFs can

only be created /redeemed in cash.

The presence of a primary market, the nature of the creation/redemption mechanism, and the
specific role played by APs together imply that standard market microstructure models cannot
be directly applied to studying ETFs. In this paper, I develop a new model that accounts for
these important institutional details of the ETF markets. In my model, there are multiple “basic”
securities traded in the market as well as multiple index-tracking ETFs. The market is populated
by four classes of participants: ETF sponsors that provide liquidity to APs in the primary market;
basic securities dealers who supply liquidity in the basic securities market and are subject to
income shocks;> ETF clients that are subject to income shocks and demand liquidity in the ETF
market; and APs that supply liquidity in the ETF market and demand liquidity in the basic
securities market. In particular, in my model (as in the real world), APs perform a dual role
of being both market makers and arbitrageurs. I assume that markets are segmented and only
APs can trade both ETFs and the basic securities. Anecdotal evidence suggests that most large
(institutional) arbitrageurs that exploit price discrepancies between ETFs and their NAV also
have the status of APs.% I assume that information is symmetric and that trading is done purely
for risk-sharing reasons.” When income shocks are realized, ETF clients buy ETFs, and APs
are forced to absorb these shocks in the secondary market. After trading is done, APs use the
creation/redemption mechanism to adjust their positions and load some of their inventory onto the
ETF sponsor. This creates a “lock-in effect,” whereby the shares of basic securities get locked inside
the ETF, while the number of floating ETF shares increases. These endogenous fluctuations in the
total number of shares available for trading generates a CAPM risk premium dynamic because the
limits to arbitrage imply that aggregate risk changes over time. As a result, asset prices exhibit non-
trivial dynamics, despite the fact that dividends and demand shocks are i.i.d. These dynamics are
driven purely by the creation/redemption mechanism that effectively serves as a shock propagation
channel through which temporary (i.i.d.) demand shocks influence future prices. In particular,
the creation/redemption mechanism, combined with the arbitrage activity of APs, may make the

markets unstable and lead to a momentum in asset returns and a persistent ETF pricing gap.

5This assumption is made for simplicity. Standard aggregation results imply that having two classes of CARA
investors with access to the same market, one class subject to shocks (say, hedgers), and one not (say, dealers), would
be equivalent to a single class.

5For example, Ben-David, Franzoni, and Mussawi (2014) argue that “ETFs answered need of speculators (traders
with relatively high turnover) for a tool that allows taking market positions at low transaction costs; ... ETF sponsors
indeed testify that their clientele is composed of such institutional traders. ... ETF sponsors facilitate arbitrageurs’
activity by disseminating NAV values at the fifteen-second frequency throughout the trading day.”

" Asymmetric information can be easily incorporated into my model. This is an important direction for future
research.



The latter effect is particularly surprising given that the creation/redemption mechanism has been
designed precisely to reduce fluctuations in the pricing gap.

These results imply that improving liquidity in the primary market may have an adverse effect on
equilibrium dynamics, as reducing primary market trading costs stimulates creation/redemption
and therefore strengthens the shock propagation channel. As a result, higher primary market
liquidity may amplify the volatility of both the underlying assets and the ETF pricing gap. At the
same time, introducing new ETFs may offset the negative effects of existing ETFs through a demand
substitution effect: If the newly introduced ETFs are properly designed,® they may substitute for
some of the demand for existing ETFs and, as result, lead to a reduction in both the volatility and
co-movement in the returns. As a consequence, newly introduced ETFs may also improve liquidity
of the underlying securities.

In my model, ETFs are non-redundant securities because arbitrageurs (APs) face limits to
arbitrage that I model through execution risk. Specifically, I assume that APs are limited in their
ability to serve as liquidity suppliers in the basic securities market and are not able and/or willing
to absorb demand shocks in the basic securities market. As a result, APs face execution risk
and (due to risk aversion) cannot infinitely lever their positions.” As a result, arbitrage is risky.
Consequently, the price gap (the difference between the ETF price and its NAV) is non-zero and
moves over time in response to demand shocks. In the limit, as the volatility of demand shocks
goes to zero, execution risk vanishes and ETF become redundant. Yet, surprisingly, even when
redundant, ETFs still have a significant impact on the prices of basic securities. The reason for
this is the arbitrage activity of APs: As the execution risk vanishes, arbitrage between ETFs and
their underlying basket becomes almost riskless and arbitrageurs start taking very large positions
exploiting the price gap. At the same time, the price gap itself converges to zero, and the two
effects offset each other and lead to a finite “correction” in basic securities prices. It turns out that,
in this case, all equilibrium quantities can be computed in closed form, making the model amenable
to a detailed comparative statics analysis.

In recent years, several academic and industry-oriented papers have been written regarding
various “myths” and common beliefs about ETFs. I use the explicit expressions for equilibrium
prices to address these issues in a rigorous theoretical framework. Here, I list several questions and

claims taken from a recent paper by BlackRock (2013). 19

e Do ETFs increase volatility and co-movement? This question has received particularly sub-

8The ETF design in the model is characterized by the weights of the index that the ETF replicates, as well as the
primary market liquidity chosen by the sponsor.

9 Anecdotal evidence suggests that execution risk is a (if not the) major driver of the ETF price gap. For example,
BlackRock (2013) states: “When this exchange is difficult (e.g., due to difficulty in locating the basket securities),
ETFs tend to trade at a premium to the fair value of their underlying holdings.” The huge disruptions that ETF
trading experienced during the black Monday (August 24, 2015) were also largely driven by the execution uncertainty
when trading in many of the basket constituents was halted due to abnormal volatility. Execution risk is particu-
larly large for bond ETFs, where NPV uncertainty is a permanent cause of investors’ concerns. See, for example,
http://www.ft.com/intl/cms/s/0/d4b54a3c-a7e2-11e5-9700-2b669a5aeb83. html#axzz3wOmHwTqO

10BlackRock is the world’s largest asset manager and is the owner of iShares, the largest ETF sponsor in the
world with more than 500 funds, including over 275 ETFs in the U.S., and more than $645 billion of assets under
management.



stantial attention in the news,'' and many arguments have been proposed in support of the
notion that ETFs increase overall systemic risk. However, I show that this is generally not
true. In fact, I show that introducing new ETFs may lead to a reduction in volatility and

co-movement for some assets.

o There is concern that ETF trading substitutes for and takes away from volume and liquidity
in the underlying securities. 1 show that this is generally not true. In fact, introducing new
ETFs may lead to an increase in liquidity in the underlying securities. This is particularly
surprising given that, in my model, APs consume liquidity in the underlying securities for

their hedging/arbitrage activity.

o (Costs of trading ETFs can be much lower than the costs of trading the underlying securities.
I show that this is indeed always the case when the demand shock volatility is small. Indeed,
in this case, arbitrage trade between an ETF and the underlying basket is almost riskless,
and, therefore, APs take a very high leverage on this trade. As a result, they are willing to
absorb even very large demand shocks at a small premium, implying that equilibrium price

sensitivity to shocks is small.

o The existence of both a primary and a secondary market increases overall pricing efficiency
and enhances liquidity. 1 show that, indeed, the level of (endogenous) secondary market
liquidity always increases in the level of (exogenous) primary market liquidity of ETFs. How-
ever, the behavior of the pricing efficiency (defined as the pricing gap) is more complicated,

as discussed in the next item.

o The relative ease with which ETF shares can be exchanged for the underlying securities in the
basket determines how closely the ETF share price in the secondary market will track the fair
value of its underlying holdings. 1 show that this is generally not true. In fact, an increase in

the primary market ETF liquidity may lead to a larger and more volatile price gap.

Overall, my results show how careful one should be in the empirical analysis of ETF returns,
given the serious endogeneity problems due to general equilibrium effects. Furthermore, given the
existence of thousands of ETFs and the constant growth of the ETF universe, it is important,
from both the academic and the policy perspective, to study the behavior of the ETF universe
as a whole. My results imply that the joint trading of multiple ETFs may dampen the shock
propagation mechanism that ETFs give rise to. In particular, my results imply that regulators
may potentially achieve volatility and co-movement reduction by regulating the design of newly
created ETFs.

2 Literature Review

There is a growing body of empirical studies on ETFs and their effects on financial markets.

HGee, e.g., “SEC Reviewing Effects of ETFs on Volatility” by Andrew Ackerman, Wall Street Journal, 19 October
2011, and “Volatility, Thy Name is E.T.F.? by Andrew Ross Sorkin, New York Times, October 10, 2011.



Da and Shive (2013) and Broman (2014) provide empirical evidence that ETF arbitrage activity
leads to excess co-movement of returns. As a result, they argue that ETFs may actually reduce
diversification. My model shows that the presence of ETF's per se may indeed increase co-movement;
however, introducing new ETFs may have an offsetting effect and may actually reduce co-movement.

Staer (2014) finds a strong positive relation between daily ETF flows and the underlying stocks’
returns. This finding agrees with the price pressure effect of demand shocks that is present in my
model. Furthermore, Staer (2014) shows that the effect of fund flows may last for several days, in
agreement with the shocks propagation channel discussed above.

Madhavan and Sobczyk (2014) and Ben-David, Franzoni, and Moussawi (2014) find evidence
that ETFs are significantly more liquid than the underlying basket. In particular, the Amihud
(2002) illiquidity measure is much lower for ETFs than for the underlying basket. In my model,
I show that this is indeed always the case when the demand shock volatility is small. The reason
for this finding is that, for their arbitrage activity, APs are willing to absorb demand shocks at a
small premium, implying that equilibrium price sensitivity to demand shocks is also small.

Ben-David, Franzoni, and Moussawi (2014) show that demand shocks in the ETF market prop-
agate through arbitrage activity to the prices of underlying securities, leading to an increase in the
non-fundamental volatility.'?> My results agree with these empirical findings, showing that, in the
presence of ETFs, new non-fundamental shocks make underlying securities volatility higher than it
would have been in the absence of ETFs. However, I show that the effects of introducing additional
ETFs on the underlying volatility and co-movement can be ambiguous: when properly designed,
the growth in the ETF variety may actually reduce volatility and co-movement in the underlying
securities. In a way, new ETFs partially undo the effects of “old” ETFs on market volatility.

Hamm (2014) finds that ETFs exacerbate illiquidity in stocks with high degrees of adverse
selection through a demand substitution effect. In my model, information is symmetric, and hence
I cannot address the issues related to adverse selection. Nonetheless, I show that ETF trading may
indeed reduce liquidity in the underlying securities simply due to the increase in risk and volatility.
However, introducing new ETFs may offset these effects and improve liquidity in the constituents
of the underlying basket.

Petajisto (2013), Madhavan and Sobczyk (2014), and Broman (2014) find evidence for system-
atic ETF mis-pricing. Madhavan and Sobczyk (2014) and Broman (2014) also show that ETF
mis-pricing co-moves excessively across ETFs and is strongly related to cross-sectional measures of
liquidity. In my model, ETF mispricing co-moves due to the APs arbitrage activity in both the
primary and secondary markets. In particular, consistent with the findings of Petajisto (2013),
mis-pricing can be positively auto-correlated and hence persistent. Surprisingly, contrary to the
conventional wisdom, price gap persistence arises despite the fact that, in my model, demand shocks
are i.i.d. over time. The mechanism responsible for such a “mis-pricing momentum” is driven by
the shock propagation channel of the ETF creation/redemption mechanism.

In my model, APs fulfill a dual role as liquidity providers in the ETF market and arbitrageurs

123ee Marshall, Nguyen, and Visaltanachoti (2010) and Richie, Daigler, and Gleason (2008) for evidence on ETF
arbitrage activity.



who exploit deviations from the law of one price. This structure links my model to the seminal
contribution by Gromb and Vayanos (2002) (see also Gromb and Vayanos (2010) for a recent
survey of the literature on limits-to-arbitrage). The key differences between my model and that
of Gromb and Vayanos (2002) are the nature of limits-to-arbitrage (execution risk in the former
versus collateral constraints in the latter) and the underlying market microstructure (the existence
of a primary market for ETFs). In addition, I allow for any number of assets and ETFs. To solve
the model, T use the techniques from Vayanos (1999, 2001) that are based on small shock volatility
approximations. I model liquidity supply and demand through demand schedules (as in Kyle, 1989,
and Vayanos, 1999) and market orders (as in Kyle, 1985 and Vayanos, 2001) respectively.

Similar to the present paper, Cespa and Foucault (2014) also study endogenous liquidity with
multiple investor classes and market fragmentation. However, in their model liquidity is, to a
large extent, driven by asymmetric information. They show how asymmetric information implies
that illiquidity in one asset can spill over into the illiquidity of another asset through a cross-asset
learning effect and may lead to multiple equilibria. Thus, a large drop in the liquidity of both
assets may occur if the economy jumps from one equilibrium to another. In my model, information
is symmetric, but markets are segmented, as in Cespa and Foucault (2014). Thus, APs’ arbitrage
activity serves as the only source of liquidity spillover. In particular, ETF (exogenous) liquidity in
the primary market spills over to the liquidity in the underlying securities. The effect can be non-
monotonic: An increase in primary ETF liquidity can lead to a drop in the liquidity of underlying
securities. To the best of my knowledge, this liquidity spillover effect is novel to my paper.

Leippold, Su, and Ziegler (2015) also study an equilibrium model of ETFs and index futures
trading. In contrast to my model, their model is static; they assume that demand shocks are
exogenous but are informative about the securities’ dividends; trading the basic securities is costly,
with exogenously specified quadratic transaction costs. In their model, their is no primary market.
Instead, they assume that arbitrageurs (APs in my model) are forced to perfectly hedge their
positions with the underlying securities. They show (both theoretically and empirically) that ETF
trading indeed increases correlations, and the effect of ETF trading is stronger than that of futures
trading.

In my model, the limits-to-arbitrage are directly linked to the idiosyncratic volatility. This
links my model to the paper by Stambaugh, Yu, and Yuan (2014) who show that idiosyncratic
volatility represents risk that deters arbitrage and may lead to mis-pricing and the emergence of
the idiosyncratic volatility puzzle (i.e., the empirically observed negative link between idiosyncratic
volatility and returns).

In my paper, ETF sponsors and APs are institutional investors whose behavior influences asset
prices. This relates my paper to a growing body of literature on the effect of institutional trading
on asset prices. Several papers find evidence that institutional trading may amplify volatility and
correlations (see, e.g., Greenwood and Thesmar, 2011; Anton and Polk, 2014). Ramaswamy (2010)
and Wurgler (2010) suggest that index-linked investing may distort stock prices and risk-return
tradeoffs and that these effects may have strong consequences for the real side of the economy.

In my model, I show that ETF trading and arbitrage activity by APs indeed distorts underlying



asset prices and that these distortions move over time in a systematic way in response to the
creation/redemption activities by APs. However, these effects may be welfare-improving and lead
to a more efficient equilibrium risk sharing. The overall effects of ETF trading on the real economy
may be non-trivial; thus, understanding these effects is an important direction for future research.

There is also a growing theoretical literature on the effect of indexing on asset prices. In a
pioneering paper, Subrahmanayam (1991) shows that introducing a market for a basket of securities
is attractive for uninformed traders because adverse selection costs are typically lower in these
markets. In Subrahmanayam (1991), all traders are risk neutral, and hence trading plays a purely
informational role.

Basak and Pavlova (2013a, 2013b) and Buffa, Vayanos and Woolley (2014) show theoretically
that the presence of agents whose performance is benchmarked against an index leads to excess
co-movement and volatility. In their models, the existence of tradable index funds would have no
impact on the model behavior. By contrast, in my model, the existence of ETFs has a significant
impact on equilibrium dynamics even when ETFs are redundant. The mechanism responsible for
this effect is based on the APs’ arbitrage activity. When the risk of arbitrage vanishes, APs start
making very large bets to arbitrage the deviations from the law of one price; when multiplied by the
small price gap, the two effects offset each other, and the remaining impact is finite and non-zero.
Chabakauri and Rytchkov (2014) study how index investing affects capital market equilibrium in an
economy with two Lucas trees and one index (a portfolio of the two trees). They find that indexing
can either increase or decrease the correlation between stock returns and that it also decreases
market volatility. Such non-monotonicities are also present in my model.

Vayanos and Woolley (2013) show how investor flows between investment funds triggered by
changes in fund managers’ efficiency may lead to momentum, reversal, and co-movement. My
results imply that ETF flows may have a similar effect on equilibrium prices, even when ETF's are
redundant and are managed efficiently.

Finally, several papers discuss the market structure of leveraged and inverse ETFs (see, e.g.,
Madhavan and Cheng (2009) and Jiang and Yan (2015)). They show that the structure of these
funds impacts market volatility and liquidity and can lead to value destruction for a buy-and-hold
investor. Investigating leveraged ETFs in a theoretical setting is thus an important direction for

future research.

3 Model Setup

Time is discrete, t = 0,1,--- . There are N “basic” securities, indexed by ¢ = 1,--- , N that pay
the vector of dividends d; ~ N(d,¥4) with d € RY and a positive definite matrix ¥y € RV*V,
Dividends are i.i.d. over time. There is also a riskless asset with interest rate r in a perfectly
elastic supply. I denote by p; = (ptz)fi 1 the time-¢ vector of basic securities prices. In addition to
basic securities, there are L ETFs. ETF number m is supposed to replicate a basket (an index) of
the underlying securities with the dividend vector fld; where f,, = ( fm,i)i]\il is the vector of ETF
portfolio weights. I denote by F = ( fm,i)ﬁl’i\le € RN the matrix of ETF basket weights. An



agent holding one unit of the m-th ETF receives dividends fId; at time t.'> The vector of ETF
dividends can be written as
Dy = Fdy. (1)

I will use Var; to denote the conditional variance-covariance matrix of a random vector. In this
notation, Var[ds 1] = X4 whereas Var;[D; 1] = FX4FT. I also define the (vector of ) ETF NAV as

NAVt = Fpt

The vector of time-t ETF prices is denoted by P;. The difference between the ETF prices and the
NAV, given by P; — Fpy, is called the ETF mis-pricing or the pricing gap.

The market is populated by four classes of agents who differ in their roles: ETF sponsors,
authorized participants (APs), basic securities dealers, and ETF clients. ETF sponsors offer lig-
uidity in the primary ETF market. Namely, at the end of each trading day, at a time denoted
by t+ € (t,t+ 1), each authorized participant has the right to contact an ETF sponsor to cre-
ate/redeem ETF shares. The creation/redemption mechanism operates in two forms: “in-kind”
transactions and “cash” transactions.

In an in-kind transaction, an authorized participant has the right to exchange any number of
ETF shares for the replicating basket of basic securities:'* that is, an AP has the right to exchange
a portfolio Z,,( fm7i)£\;1 of basic securities for Z,, shares of the m-th ETF. In the vector form, we
can see that a portfolio FTZ € RY of basic securities can be exchanged for the portfolio Z € R
of ETFs. Here, FT denotes the transpose of the matrix F.

In a cash transaction, an AP can acquire Z,, shares of m-th ETF at its NAV, calculated in the
next trading round, that is, at time £+ 1. This is an important friction in the primary ETF market:
at the time of a cash transaction, an AP does not know the exact price at which the transaction
will be executed.'®

The creation/redemption mechanism of the ETF primary market is a major characteristic
of ETFs that makes them different from other financial instruments. The liquidity provided in
the primary market serves as a natural arbitrage mechanism that ensures that ETF prices stay
sufficiently close to their NAV. The degree of primary market liquidity is determined by the fees
(bid-ask spreads) that the ETF sponsors charge to APs. I assume that these fees are quadratic

I3ETFs are known for their tax efficiency. In particular, dividends are typically reinvested directly and are not
paid out. I leave these important considerations for future research.

411 reality, the “in-kind” transaction rules are slightly more flexible and allow some freedom in the choice of the
replicating basket. Instead of exactly replicating the ETF, the basket may contain fewer securities or securities with
characteristics that are very similar to those of the securities in the underlying basket. The exact analysis of these
covenants is beyond the scope of these paper.

5Creations/redemptions are often made shortly before the 4:00 p.m. close of a given trading day and are often
executed at the closing market prices for securities traded in the same time zone as the ETF. However, for international
securities, due to differences in time zones, transactions are usually executed on the morning of the next trading day.
Naturally, the so-called slippage (i.e., unanticipated price change) is larger in such transactions. In my model, a
“trading day” can be viewed as a combination of the evening and morning trading rounds. This way, the model
partially accounts for the possible time zone differences. It would be interesting to introduce multiple (at least two)
intra-day trading rounds, accounting for pre-creation and post-creation periods. I leave this direction for future
research.



in the number of ETF shares. Specifically, a creation/redemption of Z,, shares of ETF m costs
O.E'))\I,mZg1 in an In-kind transaction, and it costs 0.5)\0va% in a Cash transaction.!® With this
notation, transacting a vector of Z ETF shares in the primary market costs ().5ZITA1Z 1 for an
in-kind transaction of a vector of Z; shares, while the cost is 0.5Z7AcZ for a cash transaction of
Zc shares. Here, A1 = diag(Ar,m), Ac = diag(Ac,m) denotes the diagonal matrix of transaction
costs.

I assume that all ETFs are physical (securities-based). This means that an ETF sponsor
physically holds the basket of securities that replicate the ETF. To this end, after receiving the
total (both in-kind and cash) creation/redemptions at time ¢+, the corresponding ETF sponsor goes
to the primary market and acquires the necessary basket.!” Note that the in-kind transactions do
not require any action from the sponsor, as the underlying securities have already been delivered.
However, a cash transaction of Zo shares forces the ETF sponsor to acquire FTZs shares of
underlying securities in the corresponding market. However, in both cases, the total replicating
basket (i.e., FT(Z; + Z¢) shares of basic securities) gets “locked” inside the ETF sponsor holdings.
This “lock-in” mechanism implies that ETF creations/redemptions change the total supply of

available securities. This is the ETF demand shock propagation channel.

I now come to describing other market participants. I assume that the basic securities market
is populated by dealers who provide (supply) liquidity in this market. Dealers maximize constant

absolute risk aversion (CARA) preferences given by

oo
E |3 e fimene) (2)
t=0

Here, 3 is their discount rate, ¢; is their time-t consumption, and ap is their absolute risk aversion.
While I assume that this is a single class of traders in this market, standard results imply that we
can view this class as an aggregate of several classes of agents. I assume that dealers do not trade
ETFs and only use basket securities to hedge their positions. Some of the basket securities can
be, for example, futures contracts that dealers typically use for hedging purposes. I assume that

dealers are subject to income shocks E%th+1 where g4 ~ N(0¢,0%;) are i.i.d. across time. Here, 0

16The assumption of quadratic transaction costs is made for tractability. See, for example, Garleanu
and Pedersen (2013). However, many real-world ETFs have transaction costs that increase with the num-
ber of shares. For example, ProShares 30 Year TIPS/TSY Spread ETF has the following comment on its
fee structure: “For orders of $15 million or more, the Advisor may charge, in its sole discretion, a vari-
able Create/Redeem fee between 0.00% and 0.50%.” Similar covenants apply to most of their ETFs. See
http://www.proshares.com/resources/creation_and_redemption_fees.html. Fees are typically higher for cash trans-
actions because they need to cover replication costs.

"The largest ETF provider, iShares, uses the physical replication method. However, many providers also use the
so-called synthetic replication method, whereby an ETF sponsor enters into a total return swap agreement with an
investment bank. In this total return swap transaction, the investment bank delivers the return on the underlying
basket in exchange for a fee. In such a synthetic ETF, the sponsor does not need to replicate the underlying basket.
However, the investment bank would naturally perform the same function and go to the underlying market to hedge
the total return swap position by physically replicating (a part of) the basket. Of course, in contrast to physical
ETFs, this replication does not have to be perfect, and the degree of hedging depends on the risk aversion of the
investment bank. However, the same endogenous supply mechanism is present even for synthetic ETFs. We could
view the physical ETF case as a limit of the synthetic ETF case when the risk aversion of the investment bank
becomes infinitely large.

10



is a parameter that measures the overall magnitude of income shock volatility. Then, given their

time-t portfolio z of basic securities, dealers’ money market account M/ evolves according to
ME, = (MP —ci— (@P)'p) e + el dia + (@P) (prya + diir) - 3)

Income shocks e:d;y1 play an important role in my model, as they lead to endogenous sup-
ply/demand shocks in the underlying securities without the need to introduce noise traders. This
makes my model amenable to welfare analysis.

In contrast to dealers, authorized participants can trade in both markets (ETFs and basic

securities) and have CARA preferences given by

Z—e-ﬁt-w] (4)
t=0

where « is their risk aversion. The timeline describing their actions is more involved than that for

E

other classes of agents due to their participation in the primary ETF market. Namely, at time ¢,
APs trade in the ETF and basic securities markets and end up with portfolio holdings z* € RY in
the basic securities and portfolio holdings y{‘ € RM in ETFs. Then, at time t+, they contact ETF
sponsors and create/redeem Zj;, and Zc . ETF shares through in-kind and cash transactions,

respectively, and pay the corresponding fee
0.5(Z] 14 M Zrys + 26y A Zogy) -
After these transactions, they end up with
xﬁr = 3324 - FTZI,t+ (5)
shares of basic securities shares and with
vl =yl + Zrer + Zoas (6)

ETF shares. Here, we can see the difference between in-kind and cash transactions: Since in-kind
transactions require delivery of underlying securities, they change APs’ security holdings. At the
same time, the effect of primary market transactions on ETF holdings is independent of the choice
of the creation/redemption mechanism. At time t + 1, APs receive dividends of (y{')"Fd;, 1 and
pay the realized NAV, Zg’t +Fpii1 of the ETF shares they acquired at time ¢+ through the cash

transaction. Summarizing, we can see that the money market account M{‘ of APs evolves according
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to

M, = (MtA — o — (@) pe — (W) P = 0.5(Z1, A1 Zrgs + Zg,tJrACZC,H)) e
+ (@) (e +depr) + WA Py + Fdir) — 24 Foea
= (MtA —ct— (zMTpe — (TP — 0-5(ZIT,t+AIZI,t+ + Zg,t+ACZC,t+)> e’

+ (@ + Pyt + Zow ) di + W) Pt + (@) et + (Zrgs + Zogs) (Pt — Fpega) |
(7)

Formula (7) shows that the two creation/redemption mechanisms differ in their impact on the nature
of risk to which the APs are exposed. Namely, an in-kind transaction has no impact on the exposure
to dividend risk, because a loss of FT Z; ;, basic securities dividends is compensated by an exactly
offsetting gain in ETF dividends. By contrast, both creation/redemption mechanisms contribute
equally to exposure to the price gap P11 — Fpy1. In particular, when ETFs are redundant (so

that the price gap is identically zero), in-kind transactions are also redundant.

The last class of market participants is that of ETF clients. I assume that they can only trade
ETFs, do not participate in the market for basic securities, and do not have access to the primary

market. They maximize

E

i _e—ﬁt—aEct] ’ (8)

t=0
where ag is their risk aversion. I assume that ETF clients are subject to income shocks &/'d; 11

where & ~ N (&, 03¢) are i.i.d. across time and are independent of dealer income shocks &;. Then,

given their time-t portfolio y* of ETFs, their money market account M/ evolves according to
M, = (M —c— () P)e" + & di + (4F) (Pryr + Fdiyr) - (9)

Income shocks &;d; 11 play the role of clientele in my model: depending on their structure, there may
be different ETFs that better suit the clients’ hedging needs. For example, an ETF with portfolio
weights equal to & would be the “best average hedge” that would allow ETF clients to eliminate
average risk of their income shocks. The assumption that ETFs’ clients use ETFs only for hedging
purposes is stylized. One can view the & shocks as a reduced form of demand fluctuations that
may have origins related to beliefs, capital flows, or tax efficiency considerations. The assumption
of endogenous demand shocks allows me to study general equilibrium effects of ETFs on social

welfare.

4 Equilibrium

Up to this point, except for the presence of the primary market for ETF's, the structure of my model
resembles that of Gromb and Vayanos (2002). As in their model, there are redundant securities
that are traded in segmented markets, and there are arbitrageurs (APs in my model) that can

trade in both markets and arbitrage deviations from the law of one price. In Gromb and Vayanos
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(2002), perfect arbitrage is not possible because arbitrageurs are financially constrained and have
to separately collateralize their positions in each of the securities. In my model, I follow a different
route: I assume that APs face execution risk in the underlying securities.'® To model this execution
risk (or, equivalently, arbitrage risk), I assume that APs cannot supply liquidity both in the ETF
market and in the basic securities markets. Thus, as in the real world, they serve as liquidity
providers (market makers) in the ETF market, while they demand (consume) liquidity in the basic
securities market to hedge their ETF exposures and perform their arbitrage trades. Formally, 1
assume that APs trade through limit orders in the ETF market, while they can only submit market
orders in the basic securities market.

This model of risky arbitrage could also be viewed as a reduced form of financial constraint
Indeed, in the real world most APs cannot serve as market makers both in the ETF and in the basic
securities markets. Being a market maker often means holdings large inventories of the underlying
assets and being willing to absorb the corresponding supply shocks. This can be quite costly in
terms of margin and collateral requirements. As is common in the market microstructure literature,
I model liquidity supply by assuming that APs submit price-contingent demand schedules, S# (P)
in the ETF market, whereas they submit market orders in the basic securities market.'” The latter
assumption implies that the number of shares of basic securities that APs acquire is independent
of the realization of &; shocks. In agreement with the above discussion, this assumption means
that APs only consume liquidity in basic securities and are not willing to act as absorbers of these
(security-specific) shocks, leaving this role to security dealers who submit price-contingent demand
schedules in the basic securities market. Thus, while APs make markets in ETFs and absorb
demand shocks &; of ETF clients, they face arbitrage risk when hedging their ETF positions in the
basic securities markets. In agreement with the findings of Stambaugh, Yu, and Yuan (2014), the
riskiness of arbitrage is directly linked to idiosyncratic volatility.

In equilibrium, prices are determined by market clearing. Absent sunspots, standard inter-
temporal CAPM logic implies that only aggregate supply matters for pricing; hence, the only
relevant state variables are the total supply of the basic securities and the total supply of ETFs.
Given that the portfolio FTZC,tJr of basic securities is absorbed by ETF sponsors at time ¢ + 1,

the aggregate supply available for sharing between the other three classes of market participants is

given by
Topr = Tp14 — B (Zrys + Zoyy) (10)
Utr = Y1+t Zrer + Zogs -

Equation (10) implies that the aggregate supply always satisfies the following invariance law:
Tor + g = Ty +F gy (11)

18For example, execution may be subject to significant delay, shares may not be available for short selling, or the
costs of short selling (stock lending fees) may be high. Execution risk is also closely related to the liquidity of the
underlying market: exercising a large trade immediately is typically impossible, and execution has to be spread over
a significant time period to reduce price impact. Such a delayed execution is obviously associated with a significant
execution risk. These liquidity considerations are important even for very liquid securities such as foreign exchange
instruments. See Mancini, Ranaldo, and Wrimpelmeyer (2013).

19This assumption is often used in the literature. See, e.g., Kyle (1985) and Vayanos (2001).
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Formula (11) means that the “effective supply” of basic securities, Z;1 + F? gy, remains constant
over time because the basket of underlying securities simply moves from being freely traded to
being traded inside an ETF.

I will denote the vector of these state variables by X;, = (gii) Then, the market operates
as follows. At time ¢, APs supply liquidity in the ETF market by submitting a demand schedule
yM(Py) = SA(P, X;_14); at the same time, APs demand (consume) liquidity in the basic securities
market by submitting market orders zf* = DA(P;, X;_1. ). Similarly, basic securities dealers observe
the &; shock and then submit demand schedules =P (p;) = SP(ps, Xi_14,¢¢), while ETF clients
submit market orders y = DF(X;_1,,&) in the ETF markets. Prices (p;, P;) are then determined
by market clearing:

Ty = o + 2 ()

(12)
G+ = yi (P) + yf .

After the time-t trading round, the optimal choice of creation/redemption policies Zj+y, Zc ¢4 is
made at time t+ between the trading rounds taking place at times ¢ and ¢ + 1. Naturally, these
policies depend not only on the aggregate supply but also on the holdings xf, y;f‘ that the APs
have accumulated during the day. Due to their market-making role, APs have to supply liquidity
and absorb a part of the demand shocks & in the ETF market; they use the creation/redemption
mechanism to “correct” their inventories in the desired direction. Thus, we expect these policies

Z1,t+, Zc+ to be a function of all four state variables

yit

A
Ty

yP

D
Ty

I can now state a formal definition of a Markov perfect equilibrium.

Definition 4.1 A Markov perfect linear stationary equilibrium is characterized by prices and strate-

gies such that

o prices of ETFs and the underlying securities are given by

P = P + DX + P4

_ (14)
pe = p + ORX 1y + 124 + D¢

with some matrices 11§ € RLX(LAN), HgE € REXN TR € RN*(L+N) H? e RVN and
vectors P € RE, p e RN;

e the vector of total supply Xy follows a linear evolution rule
/?t-i— = X* + .,Zl)( .)Et_1+ + ./Zlg & (15)
with some matrices Ay € REFNIXELAN) - g, ¢ REAN)XN,
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e the optimal strategies for the market participants are such that

liquidity supply by APs in the ETFEF market is given by
SAPLX_1) = CE+64X_1, — BuP (16)

with some matrices B € REXE, éj‘( e REXUAN) and a vector 5’5 € RE;

— liquidity demand by APs in the market for underlying securities is given by
DAP, Xpo1y) = CK + 04X, + 02D (17)

with some matrices 5/@ e RNX(L+N) 5%4 e RV*N " and a vector 5’£ e RV,

— the creation/redemption rule for the APs is given by

Zri+ Zy 21
) — , X, 18
<ZC,t+) (Zg " Zc ' 18)

with some matrices Zr, Zc € REXEAN) and vectors Z9, Zg € RE:

— liquidity supply by dealers in the market for basic securities is given by
SP(py, Xiorgver) = Qp + ORX_1y + OPey — Bppy (19)

with some maltrices (:)g e RNX(L+N), (:)E e RVXN and a vector @’b e RV,

— liquidity demand by customers in the ETF markets is given by
DP(X1y,&) = Qp + 0% 14 + OF& (20)

with some matrices OF € REX(LAN) @éE € REXN,

e both the ETF and the underlying securities markets clear:

SP(pr, Xioiter) + DAPLX1y) = Teoig
» (21)

(P, X 14) + DE(X 10, P) = o1t -

I will always refer to a Markov perfect linear stationary equilibrium as simply “an equilibrium.”
In order to solve for an equilibrium, we first need to understand the role of demand shocks & and
g¢. I start by noting that, in the above equilibrium definition, ; shocks do not enter the evolution
of state variables. This is a direct consequence of the assumption that APs do not provide liquidity
in basic securities and hence do not absorb idiosyncratic shocks. As a result, &; realization only
influences the prices at which APs can hedge their ETF positions in the basic securities market; it
has no impact on the APs’ asset holdings. Thus, neither X nor X depends on the &; realization.

By contrast, ETF demand shocks & play a major role in equilibrium dynamics; since APs are

forced to absorb these shocks during the day, they offload their ETF inventory to the ETF sponsor
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through the primary market mechanism. This way, creation/redemption policies Zj 1, Zc i+
depend on ¢ realization and hence (by (10)) so does X, = (gi ). This is precisely the shock
propagation channel of ETFs through which transitory (i.i.d.) demand shocks & have an impact
on future prices.

The next important observation is that, in order to make optimal time-t¢ equilibrium trading
decisions, it suffices for the agents to know the realization of &.2° If they know &;, the agents do not
need to condition their demand on prices, because & contains all the relevant information about
time ¢ and time ¢+ equilibrium asset holdings, given that the agents know X;_1,. In particular, the
assumption that dealers in the basic securities market do not condition their demand on ETF prices
is without loss of generality if the dealers can recover the relevant part of & from basic securities
prices p;. Making use of this observation, I proceed as follows. First, I assume that the shock &
is publicly observable at time t before the trade starts; then, I solve for the optimal equilibrium
policies as a function of &. Second, I verify that the relevant part of & can be recovered from prices
by all market participants. This implies that an equilibrium with observable &; is equivalent to an
equilibrium with price-contingent demand and supply, as described in Definition 4.1.

The next important question concerns the definition of equilibrium illiquidity. In linear rational
expectation models with noise traders, illiquidity is commonly defined as the sensitivity of prices
to noisy demand and supply shocks.?! The price contingent demand schedule (19) incorporates
both the hedging demand and the effect of recovering the shock & from prices. To distinguish the
pure supply shock effect, I consider the (ex-post equivalent) situation where the dealers observe

directly. Then, the demand schedule can be rewritten as
SP(p, X1y, &e)) = Qp + ORXi1y + 0264 +06Ps — Bpp (22)

with some coefficients Q7,, eb opb, @5, Bp. Then, é; = @EDEt is the “pure” demand shock, and the
basic securities illiquidity is given by BBI. A similar result holds for the ETF market: the slope
B 4 of the APs’ demand schedule already accounts for the fact that APs recover the shocks & from
prices. If they could observe supply shocks directly,?? they could condition their demand schedules

on & and submit
SAPL X 14, &) = CH+03X 14 + 684 — Bah, (23)

with some coefficients C’E ,04.04 B4, where Bgl is the ETF illiquidity that is “free from learning
the shocks from prices.” In the sequel, I will always use Bp and B4 as measures of equilibrium
liquidity.

Note that equilibrium dynamics (15) makes prices potentially prone to bubbles. Denote by
eig(A) the set of eigenvalues of a matrix A. If max(|eig(Ax)|) > 1, equilibrium supply process

2%Tn fact, as I show below, only the “part” of the shock given by FX4&; appears in the demand of ETF clients, and
hence it is only this part of & that matters for equilibrium prices.

218¢e, e.g., Cespa and Foucault (2014).

22This is often the case for market makers who can directly observe clients’ order flow.
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X+ is non-stationary. As a result, price level and volatility have the potential to grow over time.
In order to ensure the absence of bubbles, we need to check that the transversality condition
e " E[P;] — 0 holds at infinity. This is equivalent to requiring that max(| eig(Ax)|) < e”. Absent
this condition, agents might be able to attain infinite utility by building Ponzi-like schemes and
earning infinite profits in the long run. As I will show below, ETF trading indeed often makes the
dynamics non-stationary (i.e., we often have max(|eig(Ax)|) > 1). As I show below, a stronger
“no-bubble” condition max(|eig(Ax)|) < e"/? is sufficient to prevent Ponzi schemes and ensure

equilibrium existence.

5 Individual Optimization and Equilibrium Dynamics

To solve for an equilibrium, I follow the standard approach in the literature on linear rational
expectations equilibria. Conditional on their beliefs about equilibrium dynamics, agents choose
utility-maximizing policies. This determines their optimal demand which (by market clearing) in
turn determines the dynamics of equilibrium prices and state variables. As I explained above, I will
work directly with the case in which the price-relevant part of the shock & is publicly observable.
As I show below, only the part of the shock given by FY;&; appears in the demand of ETF clients,
and hence it is only this part of & that matters for equilibrium prices.

We start with the optimization problem of dealers. Denote by VP(MP X, 1y,&,&) their
time-t value function and let M/ be their money-market account (see (3)). Following the standard

approach (see Vayanos, 1999, 2001), I conjecture that the value function is of the form

VD(M]P,??FH,&,&) _ e—aD((1—67")MtD+5D+VD'(6t’Et7??t71+)—0-5(€t76t79‘?t—1+)TWD(Etaftv??tfu)) (24)

for some matrix WP € RONFTLXGBN+L) 5 vector VP € R3VN*L | and a constant 7° € R. Substi-
tuting this Ansatz into the dynamic programming equation and performing some (quite tedious)
calculations, I arrive at the following result.??

Proposition 5.1 Suppose that max(|eig(Ax)|) < e/2. Then, the optimal demand schedule of

securities dealers is given by

SP(p) = Qh + ORXi1y + ©f¢ + ©Ps — Bppi,

23As usual, I assume that the discount rate § is sufficiently large to ensure the validity of the transversality
condition.
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where (; = (Z) is the vector of demand shocks and
B7! = ¢ "ap(l—e) (zd +oIP (2! - 5aDw<D)—1(n5)T)
Q5 = ¢ 'Bp (d + P+ DR+ 1P (5 —apWf)™! (Zglg‘ —ap (VCD + ngé\?*>>>
op — e*’"BD<H§ —smP (st - 504DW<D)’104DW£X)AX
0F = ¢ Bp(TR - P (57! = sapWP)apWly ) A
0P = —ap(1-eM)e "BpYy,

(25)
with HCD = (Hﬁj H?). The coefficients WP and VP satisfy the dynamic programming equations

0 0 g O
WP — 0P _B,I°) (e-"BH) "1 (O - B HD+ - )+ 1— e )2 d
e ( pIl7)" (e7"Bp)~ ( pll™) 0 (ATWDA ap(l—e™")

l—e")d . 5 F g
YD — <( g ) ) + AT <v§3 —WEX* + (37— apWP) (S~ ap(VE + Wé?ﬂ*)))
+ (0P —e'BpII”) (e 7"Bp) Q) — Bpp).
(26)

Proposition 5.1 characterizes dealers’ optimal policy as a function of price dynamics and the
dynamics of equilibrium state variables X;_i,. The slope Bp is inversely proportional to the risk
aversion ap times the effective riskiness of a dealer’s exposure to securities returns. Absent future
utility contributions captured by WCD , this is simply the conditional variance-covariance matrix of

asset payoffs, given by
Vary[piy1 + diy1] = Cove[diyr + HCDCtH] = Xg+ 5H?Eg(H?)T.

However, since the agents are non-myopic, they take into account the co-movement of asset returns
with future state variables (and hence also with future returns). These anticipated changes in the
investment opportunity set lead to a hedging demand that effectively modifies the risk perception
of dealers from Vari[pi+1 + diy1] to Xg + 5H?(Egl - (501DW<D)_1(H?)T.24 The coefficients ©F and
@? can be interpreted similarly. Here, I only discuss ©F, G)ED . Absent creation/redemption, asset
supply stays constant and does not respond to ETF demand shocks, and hence A¢ = 0. In this
case, ®§D = 0 and dealers’ demand only depends on ¢; and is proportional to dividend riskiness Y .
However, creation/redemption activity influences the amount of aggregate risk and causes total
asset supply to respond to demand shocks. In particular, flg is non-zero, and a time-t demand
shock & changes future basic securities’ prices by Hgﬁgé}. Dealers choose the optimal exposure
to this expected price change, and this exposure is adjusted to take into account covariances of

returns with future state variables; this adjustment is captured by WP.

24Note that the difference between the two is proportional to § and is therefore small when § is small.
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The optimization problem of ETF clients can be solved similarly. I conjecture that their value

function is given by

VE(MtE,-)Et—1+,£t) _ e—aE((l—e*r)MtE—i-ﬁE-‘rVE~(§t,??t71+)—0~5(§t,)2t71+)TWE(§t,??t71+)) (27)

for some matrix WP € RGNHLXCN+L) -5 vector VF € R2V+L | and a constant o7 € R. Here, MF
is their money market account, the dynamics of which is given by (9). Substituting this Ansatz

into the dynamic programming equation, we arrive at the following result.?

Proposition 5.2 Suppose that max(|eig(Ax)|) < /2. Then, the optimal demand of ETF clients
s given by
D¥(Xi14,&) = Qp + Ox&is + OFG, (28)

where

QL = Sg <Fd— e'P + NYX*+ (5 —agWf) ™ (2515— ap (Vf - W5X2*> >>

_ _ - . 29
o = sz (H;E( —E (3 —apWf) laEW5X>AX — Spe'l% (29)

of = sp (H’)E( (s - aEWEE)—laEWg?X)Ag — Sp(e'Mg + ap(l— e ")FXy),

with
gt = (1= e ap(FEFT +ME(S! - apWf) = WE)T).

The coefficients WE and VF satisfy the dynamic programming equations

erWE — _(@E)T(SE)—lgE + (A)TW)E{'A+QE(1 o e—r)2 <8 z?)
d

; 0 , o o -
TVE ((1_e—r)FJ> +,4T<V§—W§X + (57" — apWE) U STE — ap(VE + WELX )))
+(07)7S5' Q-

(30)

The expressions for the optimal policy of an ETF client are similar to those of a basic securities
dealer. The main differences are: (i) the variance-covariance matrix ¥, is replaced by the ETF
dividends’ variance-covariance matrix FX4F7, and (ii) the demand schedule is not price-contingent.
Note, however, that the latter assumption in fact has no impact on equilibrium behavior; since ETF
clients know the realization of &, they know the exact value of ETF prices and hence are indifferent
between submitting a market order or a limit order. Nevertheless, this assumption is important for

calculating ETF market liquidity. If ETF clients submitted limit orders, they would be supplying

25As usual, T assume that the discount rate § is sufficiently large to ensure the validity of the transversality
condition.

19



liquidity to the ETF market.?6 This would be counterfactual: Anecdotal evidence suggests that
most ETF liquidity suppliers are APs.
It remains to characterize the optimal policies of APs. I conjecture that their value function is

of the form

V(Mtﬂ?t—l-i—’ft) _ efa((lfe’T)MHrﬁJrV-(&,??t—1+)*0~5(€t,/\?t—1+)TW(§t,é\?t—1+)) (31)

@N+L)x@2N+L) 5 vector V € R2V+L and a constant o € R. However, the

dynamic programming equation for APs is more complicated than that for other classes of agents

for some matrix W € R

because of an intermediate optimization problem that they need to solve at time ¢4+ when they trade
in the primary ETF market through the creation/redemption mechanism. At that intermediate
trading round, APs need to have rational expectations about the dynamics of equilibrium state

variables. Namely, APs rationally anticipate that Xj, is linearly related to the vector

(32)

of post-trade time-¢ asset holdings: In a linear equilibrium, there exists a vector XO+ € RN and
a matrix B € REAN)X@N+2L) gych that

Xy = X + BX,.

In fact, substituting (18) and (12) into (10), we can see that X = (—FTZ%ZJFgZEZ?))’ whereas?”
d 0 Id 0 Z 4 20 >
B = + . 33
(0 Id 0 Id) <—FT(ZI +2c) )

Here, Z;, Z¢, Zg, Z? are the coefficients of the equilibrium creation/redemption policy. Note that,
conditional on the post-trade allocation X;, the realization of past shock & is irrelevant for APs,
as its effects have already been incorporated into the allocation.

Now, recalling the dynamics of the money market account,

MA, = (MtA —ct— (= — (TP — 0-5(Z}F,t+AIZI,t+ + Zg,tJrACZC,H-)) e’
+ @ +FL @t + Zow ) der + W) Py + @) o + (Zrer + Zeay) (P — Fpiga)
(34)
we see that creation/redemption exposes an AP to two types of risk: (1) the mis-pricing risk,

captured by the exposure HgE —FH? of the pricing gap P;y1—Fpiy1 to ETF demand shocks &1 and

26In this case, total liquidity would have to be defined as the sum of the slopes of clients’ and APs’ demand
schedules.
2"Note that here Z;, Zc have the same dimensions as the matrix (Id 0 Id 0).
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the exposure —FIIZ to basic securities demand shocks ;41 and (2) the dividend risk that depends
only on the cash transaction Zc 1. As a result, the total effective cost of creation/redemption is

given by the matrix

_ (" =DA; 0 - i 0
Rz = ( 0 (er _ 1)AC’ + a(l _ e—T)QFEdFT> + a(l )2 (ﬁ ﬁ) (35)

with
[ = VaryPiy1 — Fpea] = FIPS.(FOP) + (IF - FIIP) (S — aWe) " (I — FIIY)T.

The first term in (35) is simply the quadratic creation/redemption cost plus the additional dividend
risk acquired through a cash transaction and given by a(1—e~")?Vary[Fdi 1] = a(l—e")?FX FT.
The second term is the cost of the additional exposure to mis-pricing risk that comprises the
exposures to ETF demand shocks &1 and basic securities demand shocks €44 .

Denote by G(A,y,z) = (ggé)(/'\,’t,y,:c) the vector of expected utility gains from creating one
unit of an ETF conditional on APs’ time ¢ holdings of ETFs and basic securities being given by
y and z respectively; here, G; and Go are the expected gains from in-kind and cash transactions,

respectively.?® Tt is possible to show?? that

E¢[Pry1 — Fpiiq]

E¢[Pry1 — Fpiq]

G(Xy,x) = (1 - e_r)< gzlng)

+a=e)(pg '
Fd—a(l—e")FXy(z+FTy) /)"
Here, the expected mis-pricing is given by
Ey[Pis1 — Fpiy1] = (P —Fp)+ (II§ — FIIR) (X + BX,) — 6FIIPz + (H? - FH?)E, (37)

whereas Fd — a(1 — e ")FX4(z + FTy) represents expected dividends gained from the cash trans-
action net of the marginal utility loss from the existing exposure z + F7y to dividend risk. Finally,

9(X,y, ) is a hedging term that reflects marginal utility loss from the existing exposure to mis-

28Note that X; contains asset holdings y;*, z{* of APs. However, it order to solve the optimization problem of APs
at time t, we need to compute their utility for any holdings (y, z). Since all APs behave identically, in equilibrium we
will have z = 27, y = yf‘.

29Gee the Appendix for details of this calculation.
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pricing risk. It is given by
9(X,y,z) = (I —FH?)<—5

+ (27— 6aWe) ™! (2515 — da <v§ +(1—e )| 'z + @E) Ty

—Wex (XO+ + Bz’\ft> > )) + 0ol — e " FIIP2 (11P) 2.

Here, the term a(1—e~")2FIIP Y, (IT1P)T 2 is the marginal utility loss from the exposure = to shocks
€¢+1, while the first term is the marginal utility loss from the exposure to ETF demand shock &1,
accounting for covariances of asset returns with future state variables that are captured by W and
V. Given the above expressions, APs choose a creation/redemption policy to achieve the optimal

risk-return tradeoff given the marginal risk Rz and the expected payoff G. This gives

(72) = =3 6tm.). (39)
Furthermore, the total expected utility gain is given by 0.5(G (X}, v, x))TRglg(Xt, Y, ).

The just-computed optimal creation/redemption policy at time ¢+ depends on the asset holdings
x,1y achieved by trading at time t. We can now proceed by backward induction to find the optimal
holdings y,fl, xf, of the APs in the ETF and basic securities markets, respectively. To this end,
we have to identify the risk-return tradeoff that the agents face at time ¢. The total risk that the
APs face consists of several components. Absent the primary market, the risk is given by the
variance of (additive) asset returns plus a component responsible for fluctuations in the investment

opportunity set:

. Py +Fdiyy — €"P,
R[yz] = a(l—e )2Vart_1+7§t |:( i i t>:|

Pi+1 + dip1 — €py

+da(l —e)? (H§3> (Zgh = daWe) ™' — %) <H§)>
3 3
Here,
Var,_1+g, [(Ptﬂ +Fdiy1 — 6TPt>]
Pt+1 + dip1 — €py
T (41)

<FEdFT FY, . (Hf)z (Hf)
= . ‘E
SaFT Sg+ (14 2Py () Iy np

is the variance of asset returns given the information that APs have at time t before the trade

occurs. Here, I have used the fact that

T
v [(5)] = ()% () + (o0 oy
I\ p HgD ¢ HgD 0 IPx.m@P)r) -
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The coefficient (1 + €?7) in front of IPY (ITP)T reflects the fact that, due to the execution risk at
time t, APs are exposed twice to the idiosyncratic demand shocks of basic securities, through the

shocks ¢; and €;41. The total idiosyncratic risk is thus given by
Var, 14,6, [M0e1 — ¢ MPe)] = (14 IPS(I2)7

The last term in (40) is a hedging component that arises due to co-movement of returns with
asset supply; the latter is captured by the matrix W;. This hedging component is driven by the
difference ((Zgl —§aWe)™! — 3¢) and by the sensitivities II7, H? of prices to demand shocks, and
is identically zero if We = 0.

In the presence of the primary market, some of this risk acquired by APs at the time-¢ trading
round can be offloaded to the ETF sponsor who effectively serves as a liquidity provider for APs.
Due to this additional trading opportunity, the effective risk that APs face is smaller than that
described in (40) and is given by

Gy

o )R, 6. (42)

Rg = Ry <

where G, and G, are the sensitivities of the primary market marginal utility gains G(&X:,y,x) to y

and x respectively:

0 0
gy - @Q(Xt7yax)7 gJJ = %Q(Xtvyvx) .

Indeed, this follows from the fact that the quadratic part of the utility from holding (y, x) is given
by

T x

- (y) TR[yxl (y) +(G(X,,2)) R G(Xs.y, ).

In order to compute the optimal position (y,z) = (y, ), we need to know the corresponding
risk/return tradeoff. To this end, I write down the ETF creation gains G (see (36)) in terms of
their sensitivities Gx, G, Gy to A; (equilibrium portfolio holdings of all three classes of agents); the
given AP’s ETF holdings y; and the given AP’s basic securities holdings x :

Q(Xt,y,:n) = gO"'gXXt"i’gyy“‘gxl' (43)

Then, the expected gains from primary market trading per unit of (y,z) are given by

o\
gT RZ (gO + gXXt)7
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and hence the total expected gains are given by

(1—e) (Et—1+,5t [Pri1 + Fdppr — eTPt])
Ei 14 ¢ [pee1 + dig1 — €7y

Gr 1
+ <gyT> Rz (Go +Gx i) (44)

Iy _ _ _
+(1—-e") (H%> ( &+ (Egl — SaWe) ! (Eglf —da (Vg - WE,XXH) )) ,
3

where the last term is the hedging component due to anticipated changes in the investment oppor-

tunity set. Here,

<Et—1+,§t [Piy1 + Fdiy1 — €TPt]>
Ei 14 ¢ [pe1 + diy1 — €7py

) (p Pt NE(X" 1 Axd 1y + Ack) + IEE + Fd— &P, > (45)
-\ -e)

+IR(X 4 (Ax — e Td) X1y + Aely) + TIE (€ — er&y) + TTPE(1 —em) + d, '
To complete the calculation, we need to express optimal policies (y, z) in terms of the state variables
X_14,& known to the APs prior to the time-¢ trading round. To this end, we need to rewrite the

vector of post-trade holdings, X}, in terms of these variables. In a linear equilibrium, we have

X = X +ApX1q + Ak (46)

(2N+2L)x (2N +2L)

for some vector X; € R

and matrices Ay € RENF2LX(NFD) - 4 ¢ RENF2L)XN 30

Summarizing, we can see that there exists a vector G € R¥+Y and a matrix Gt ¢ RELAN)X(L+2N)

such that3!

Gt +G* (jt—1+) 3 <(€T - 1)Pt> — (1—e) (Et1+,§t [Pri1+ Fdir — 6rPt]>
&t 0 Ei 146, [pey1 + dig1 — €7py]

gT
+ <g?> R (Go + Gx ) (47)

E
+(1—e) <E§)> < — &+ (37— dawe) ! (2515— Sox <V§ - Wg,X22H> )) :
3

Thus, we arrive at the following result.??

Proposition 5.3 Suppose that max(|eig(Ax)|) < €’/2. Then, the APs’ optimization problem has

30The coefficients X, A~ can be computed by substituting the agents’ optimal policies and using market clearing.
See the Appendix for details.

31Exact expressions for these coefficients are provided in the Appendix.

32As usual, I assume that the discount rate § is sufficiently large to ensure the validity of the transversality
condition.
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a unique solution given by

<i‘?> — jol (QS Lot (X_tftH) _ ((er _Ol)Pt>> | 8)

while the optimal creation/redemption policy is given by (39). In particular, optimal equilibrium

policies can be written as

y = CH+03X_11 + 6084 — BaP,

] (49)
aft = CR + 086+ 08X 1y,
with
cEN . (o4 e . ) )
(c3) =me'ss <eff ei> = R5'6" . Ba = (¢ = D(RG ). (50)
A ¥ Y

The coefficients V, W satisfy dynamic programming equations

W = e (flT(WX +aWeaB) (31 — aWe) " We x) A= (GeAT) R, Gy A — (g+)TRglg+)
Vo= "GRG G).
(51)

Having computed the optimal policies, I need to impose market clearing and solve for the
coefficients of price dynamics; that is, I need to make sure that the market clearing conditions for
ETFs

CH+03X 14 +008¢4& — BA(P+T¥X 14 +1IF&) + Qn + %X+ + OF¢

APs’ demand for ETFs clients’ demand for ETF's

Yt—1+
S~
endogenous supply of ETFs

and for basic securities

CH+086+ 03X+ + Qh + ORXi_1 + ©2¢ —Bp(p+IRX_14 +TIF¢)

APs' demand for basic securities dealers’ demand for basic securities (53)

= Tt—1+
N——

endogenous supply of basic securities

hold for any realization of supply X; 1, = (gi:ii) and any realization of demand shocks (; = (Z)
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Equating the coefficients, we arrive at the following system for equilibrium coefficients:

CE+ Q5 — BaP=0

O; — B4l +©F =1d

04 B IF +0F =0

Of —BAIIf +©f =0

C¥+Qp—Bpp=0 (54)
02 + 0P —BpIlY =1d

0; +©. —Bpll) =0

08 +Of —BpII =0

el —Bpi? =o,

where I use the notation ©x = (0, 6,). Finding an explicit solution to such a system is generally
not possible, as the coefficients of the optimal policies depend in a non-linear way on the coefficients
of price and state variables dynamics. However, as I show in the next section, the system can be

explicitly solved when the volatility of demand shocks is small.

6 Equilibrium Dynamics for Small Demand Shock Volatility

In this section, I follow Vayanos (1999, 2001) and assume that the demand shock volatility (as
measured by the parameter §) is sufficiently small.

I start with the important observation that, in the limit of vanishing demand shock volatility,
ETFs are redundant. Indeed, if § = 0, then there is no difference between market and limit orders
for APs; after learning the value of FX;&;, they know exactly what p; is going to be and hence are
able to perform a riskless arbitrage trade between an ETF and its underlying basket. I formalize

this result in the following proposition:

Proposition 6.1 In the limit, as § — 0, ETFs are always priced by arbitrage: P, = Fps. In
particular, in the limit, as 6 — 0, we have P = Fp, TIE = FH;’%7 H£E = FH?.

Proposition 6.1 implies that, in the limit as § — 0, the problem becomes degenerate; since ETFs
are redundant in that limit, APs are indifferent between holding a portfolio y of ETFs and holding
a portfolio FTy of basic securities. However, the effect of ETF trading on equilibrium dynamics
is non-trivial and does not vanish when supply shock volatility is small. In particular, many
equilibrium effects can be already seen in this limit, without investigating higher order terms.??
The reason for this is that, when arbitrage riskiness is small, APs take bets of the order §~! against
ETF mis-pricing, while the mis-pricing itself is of the order §. When § is small, the two effects

cancel (because 6! -6 ~ 1), and the arbitrage activity of APs has a finite impact on asset prices.

33When 6§ = 0, optimal policies are not well defined because APs are indifferent between holding an ETF and
holding the underlying basket. By contrast, when ¢ is small, the model is well defined, and the unique equilibrium
converges to a finite limit when § — 0.
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In order to state the next result, I need to define several auxiliary objects. Define the rescaled
risk aversions

ax=a(l—e"), axp=ap(l—e¢ "), axp=ap(l—e™"),

and let
Ac = €"a;'Ac + FX FT (55)

be the effective cost of creation/redemption in cash (normalized by risk aversion). Here, I have This
cost accounts for both the actual physical trading cost and the implicit cost due to an increased
exposure to dividend risk that APs incur after a cash transaction. By contrast, the effective cost

of an in-kind transaction,

Ar = e"a; A, (56)

does not contain a dividend risk term because an in-kind transaction does not change the exposure
to dividend risk.

Since APs do not provide liquidity in the basic securities market, they do not absorb idiosyn-
cratic demand shocks, and therefore the sensitivity of prices to these shocks is determined directly
by the hedging component of dealers’ demand. Namely, Proposition 5.1 implies that we always

have

HED = —aype  X4.

Thus, prices p; depend on idiosyncratic demand shocks &; through & = I1”¢;, and I denote by
Y. = Var[g;] = (e "auwp)?BeX:-2q
the variance-covariance matrix of the “true” idiosyncratic shocks. Let also
Yg = Vary[Diq] = FE FT
be the covariance matrix of ETF dividends, and let

A= -5, FIAFS, + 3y
C = (14 FEFD) (1 +e¥)FE, + FEFTAZFY,)A ™!
Q = (Id+ apSqa; (A —FTC)™! (57)

- AG'FR A
©\-FTAG'FS,ATL )

Let also
-1 —1y—1 7\t
.. = (a4 aup(ar'C+ap o5 F)osFT)

x [ — 1, + s (a;lc + a;Elz,glF) delx} : (58)

_ -1 —1yv—1 ™\ a1
U, = a,(ld+asp(a, C+a gy, F)QE:F Yo FXy,
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and then define
2 EY_FT 15T -1
M, = (14 ¢ )FS.F \If**((er ~1Id - I'QapZy [a; FIy,, — 14)
and
I, = [(1+ 2)FEFT 4 IL.T QoupXaa; 'FL)0, .
Here, 1, and 1, denote projections: 1, (g) =z, 1, (g) =y.

The following is true.

Theorem 6.1 Suppose that § is sufficiently small. Then, for generic o € Ry, there exists a unique
equilibrium if the matriz A% = Id + I'QapXy [oz*_lFT\If** - 1x] satisfies max(| eig(A%)]) < e’/

In this case, equilibrium quantities are given approximately by the following expressions:>*

e aggregate supply dynamics

Ay ~ 1d + TQapSy [aglFTq/** —1x]

_ (59)
Ae ~ T Qa.pSqa; 'FIU,
e basic securities’ prices’ dynamics and illiquidity
2 ~ Qa.pZy [a*_lFT\I'** - 14 (e"1d — Ax) !
P ~ e "(IIJT +1d) Qa.pSga; 'FT O, (60)
B:! ~ ¢ aup (zd + 5P (P)” + ia))
o ETF prices’ dynamics and illiquidity
¥ ~ FIIY + o1l
If ~ FIIY + 4l
(61)

B, ~ efra*é((l + ¥)FE.FT

—OFE((1 4 ¢™)Id + FTAZF) (27! — FTAGTF) (1 4 ¢*)Id + FT]\;F)EEFT) .

I now discuss several interesting features of the equilibrium characterized in Theorem 6.1. First
of all, intuitively, one would expect only the effective supply (11) to matter when § is small and
ETFs become redundant. Indeed, if arbitrageurs can costlessly exchange an ETF for the underlying
basket, it should not matter for the aggregate risk in the economy whether the agents hold Z units
of ETFs or FT'Z shares of basic securities. As a result, by the invariance law (11), prices should
stay constant, because creation/redemption does not change the effective supply. Formally, this
can only be the case if the sensitivities of prices to the aggregate supply satisfy Hz,]/j = PFT,
so that prices only depend on the effective supply. Indeed, in this case, H?? Yt—14 + Hf Ti_14 =

34Up to terms of the order O(J).
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I2(z; 1, +FTg_1,). Surprisingly, Theorem 6.1 implies that this intuition is incorrect. Even when
J is very small but non-zero and the “degree of ETF redundancy” (the price gap) is very small (of
the order ), the arbitrage activity (which is of the order §~1) amplifies the effects of ETF flows

and makes ETF supply a non-redundant state variable. The following is true.

Corollary 6.1 In the limit, when demand shock wvolatility becomes small and ETFs become re-

3

dundant, ETF creation/redemption is non-zero® and has a non-negligible impact on equilibrium

prices.

Theorem 6.1 also provides an explicit expression for the impact of ETFs on basic securities’
illiquidity (as measured by BBI) and volatility. Namely, the willingness of basic securities dealers

to provide liquidity is determined by the riskiness of the underlying returns:

B, ~ e "ap(l—e ")Vardi1 + pita], (62)
Vari(dip1 + pep1] = Var{dipn + TP &0 +Ts11] = g+ 0([IPT(TP)" +20).

In agreement with the empirical evidence in Ben-David, Franzoni, and Moussawi (2014), ETF
trading propagates ETF demand shocks into the basic securities prices and introduces an additional
term into return volatility and illiquidity. Thus, one might argue that ETF trading increases
volatility. However, the natural question here is: what is the counter-factual? If there were no
ETFs, ETF clients would still require some assets to hedge their income shocks and would either
directly acquire basic securities or contact some intermediaries (analogs of APs in my model)
who would have to directly acquire the underlying basket and then deliver it to the ETF clients.
Independent of the nature of this intermediation, ETF demand shocks would still propagate into
the prices of basic securities, and it is not obvious whether such alternative market designs would
lead to lower volatility.

ETF demand shocks influence price volatility through two channels: the direct channel, rep-
resented by the term H? &, and the indirect channel, represented by the term ngft_1+ and by
the fact that &; 1y depends on &_; through the term A¢{;_1. Using these observations, we can

decompose the conditional variances of price changes as follows:

Var i [peen —p = [IRAe —TP)S(MRA: — 1Y)+ TP ()" +2 1nPx.mP)"
— —_—

creation/redemption ef fect ETF demand shocks idiosyncratic shocks
Vari[pir1 —pt] = ngé(H?)T + 2. (mP)".
(63)
The first expression could be viewed as a measure of longer-term volatility that accounts for the
dynamics of aggregate supply due to ETF creation/redemption, while the second expression can be
interpreted as a measure of short-term (intra-day) volatility that only accounts for demand shocks.
As I show below, the link between both volatilities and the structure of the ETF markets (primary
market liquidity and basket weights) may exhibit unexpected behavior.

3%While in-kind transactions are useless in this case (Z; — 0 as § — 0), cash transactions remain non-trivial even
when ¢ is very small.
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Another important consequence of Theorem 6.1 is the fact that ETF liquidity is always higher
than the liquidity of the underlying basket. In fact, Theorem 6.1 implies that ETF illiquidity B;ll
is always small (of the order §) when ¢ is small. Since BBI does not vanish when § — 0, I arrive

at the following result.

Corollary 6.2 Suppose that the demand shock volatility is sufficiently small. In that case, ETF
liquidity is always higher than the liquidity of the underlying securities.

The key difference between ETF illiquidity B;ll and the basic securities illiquidity is that BAfl
does not contain the term accounting for the dividend risk. The reason for this is that dividend
riskiness does not directly impact ETF illiquidity® when arbitrage riskiness is sufficiently small:
Indeed, dividend risk can be hedged by taking an opposite position in the underlying basket;
similarly, since ETFs are redundant in the limit, we can see that the exposure to future shocks &1
can be also perfectly hedged with the same underlying basket. Thus, only the arbitrage riskiness
determines how much liquidity arbitrageurs are willing to provide. In turn, arbitrage riskiness is

determined by the idiosyncratic variance of the basket:

Vary[(Piy1 + D1 — €"Py) — F(pry1 + dip1 — €7py)] = Var, [F(ITPe141 — €T g,))]

(64)
= 6(1 + 2 FIIPE (TIP)TFT.

Thus, ETFs play the role of “liquidity transformation,” as they bundle less liquid securities into
more liquid ones. Theorem 6.1 also shows that, naturally, ETF illiquidity depends on the liquidity
A in the primary market, but only in the higher order term (in ¢.)

Throughout the sequel, I assume that demand shock volatility is sufficiently small, such that

Theorem 6.1 is directly applicable.

7 Single ETF

In this section, I consider the case in which there is only one ETF available for trading. While this
is a stylized example, it allows me to illustrate several important mechanisms through which ETFs

influence equilibrium dynamics. Let

& = Covy(&ldi, Dita),
Etl_H = Covi(ZTi—14 - dit1, Dit1), (65)

(F1y = Covi(Ty—iq - E41, f - Ets1)

By definition, & is the covariance of ETF clients’ income shocks with the ETF dividend; ¢/, is
the covariance of the ETF dividend with the dividend of the “market portfolio” with weights given
by the total supply of basic securities; and (? , - is the covariance of the idiosyncratic shock f-&;41

to the ETF NAV with the idiosyncratic shock Z;_14 - €441 to the price of the market portfolio.

36y, appears indirectly through IP3. (II2)7 ~ (e "aup)? L Da.
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Proposition 7.1 There exist 1,11, 102,93 € R such that basic securities prices are given by

_ - 1 _ — T
pit = Pi — axpe (14 awpa, ) Covi(dips1, Ti—14 - dir1) — owpe " Cove(dsiy1,€; dig1)

_ _ _ (66)
+ Cov(ditt1, Dit1) (W€ + 011 + ¥all1y + Vshi—14)
fori=1,---,N.

Absent ETF trading, equilibrium prices are given by a simple CAPM-like expression: Since
dividends are i.i.d., prices are given by the (risk-adjusted) present value p; of dividends net of a risk
premium given by the covariance of security’s fundamentals d; with two risk factors: the market
portfolio and the dealers’ income shock e} dy1. Proposition 7.1 shows that ETF trading introduces
an additional risk factor into equilibrium dynamics: the ETF dividend. This is intuitive: the price
pressure on the security 7 arises due to the hedging activity of APs who use basic securities to
hedge their ETF positions, and the quality of the hedge is determined by the covariance with ETF
dividends; furthermore, it does not matter whether a security belongs to the ETF basket; what
matters is how useful it is as a hedge. Interestingly, the risk premium for the Dy risk factor is given
by & —|—w1@1_1 L+ wgff_l 1 +%¥39t—14+ and moves over time together with the ETF demand shocks.
These demand shocks lead to excess volatility because of the changes in the risk premium and in the
market portfolio. Note, however, that the market portfolio always changes by multiples of the vector
of ETF weights, f, and hence the covariance Cov¢(Zi—14 - diy1,di++1) always changes by multiples
of Cov(d; 41, Dey1). In particular, Proposition 7.1 implies that two securities ¢ and j respond to
ETF demand shocks in the same direction if and only if Cov(d; 11, Di4+1) Cov(d;j 41, Diy1) > 0.
Otherwise, when covariances are of opposite signs, APs create buying pressure in one security and
selling pressure in another, pushing them in opposite directions. Thus, we arrive at the following

result.

Corollary 7.1 ETF trading increases co-movement of securities i and j if and only if
Cov(d;, D) Cov(d;, D) > 0.

Another interesting observation concerns the coefficient a,pe ™" (1 + a,pa; t) for the covariance
with the dividend of the market portfolio; while it is increasing in dealers’ risk aversion ap (just
as in the standard CAPM), it is decreasing in APs risk aversion a. The reason is that APs serve as
liquidity demanders in the basic securities, and the dealers are forced to absorb their orders; when
APs’ risk aversion is low, they take on a lot of arbitrage risk and demand a lot of liquidity from

the dealers, who require a higher premium for this liquidity provision.

I now discuss the nature of endogenous supply dynamics and its impact on the equilibrium be-
havior of prices. Absent ETFs and ETF demand shocks, prices are driven only by the idiosyncratic

demand shocks €, and price changes are naturally mean-reverting because shocks are i.i.d. over
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time and prices always revert back to their mean:37

Covi[prs1 — i prao — pev1] = Covi[lIP (epp1 —e0), TP (1490 —£411)] = —6%. < 0. (67)

As I will show now, ETF trading may give rise to a positive auto-covariance of returns (the “momen-
tum” effect), because the endogenously time-varying supply makes the effect of ETF demand shocks
persistent. In order to understand how this mechanism works, I decompose the auto-covariance of

returns as follows:

Covilpri1 — piprve — pr1] = Covi[lIR (X — Xi1y) + P (G — &) + TP (e — &),

R (X1t — X)) + TP (G — &r1) + T2 (42 — e141)]

= Covi[TP&s1 + MPeryr, MR A —TIP)61 — TPei44]

= S(PTe(MR A, —TIP)" - %)

(68)

In the above calculation, I have used the fact that /?t+1+ contains a term flgﬁt and therefore co-
varies with past demand shocks. Thus, the time ¢ + 1 demand shock &1 enters the price change
De+2 —Prr1 two times: in py41 and in peyo. If ETF demand shocks do not influence aggregate supply,
A¢ = 0 and we get the same result as in (67): prices recover from idiosyncratic shocks and revert
to their means. However, if /{5 is sufficiently large, the effect may be reversed, as is shown by the

following proposition.

Proposition 7.2 (Prices Autocovariance) For generic o, there exists an open set of ¥¢ for
which ETF NAV changes exhibit momentum.

Proposition 7.2 relates my paper to Vayanos and Woolley (2013), who show that mutual fund
flows generate momentum in returns when investors learn about fund managers’ skill. Proposition
7.2 shows that ETF fund flows are also able to generate momentum through the shock propagation
channel that arises from the creation/redemption mechanism. Namely, when a demand shock
arrives, it pushes the ETF price up and forces APs to absorb this demand shock and sell ETF
shares to clients. APs respond by creating shares and thereby increase the aggregate supply of
ETFs and push the ETF price down. At the same time, additional creation of ETF shares forces
the ETF sponsor to acquire the underlying basket and “lock” this basket inside the ETF. This
reduces the total supply of basket securities and pushes their prices up. It is the competition of
these two effects that determines the response of the ETF price to supply shocks. If the second

effect dominates, prices may go up even further, leading to the momentum effect.

I now turn to the behavior of the ETF pricing gap P, — NAV,. One of the major motivations
for the two-tier structure of the ETF market is the ability of the creation/redemption mechanism
to efficiently correct ETF mispricing. Every time the ETF price deviates from the NAV, APs are
able create/redeem shares and correct the mis-pricing. Formally, this intuition suggests that ETF

mis-pricing should be mean-reverting. However, empirical evidence (see Petajisto, 2013) suggests

37See Greenwood (2005).
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that price gaps are often highly persistent, and this phenomenon is commonly attributed to the
persistence of ETF demand shocks combined with limits to arbitrage that prevent arbitrageurs
from correcting this pricing inefficiency. As I will now show, my model is able to generate price
gap persistence even though demand shocks are i.i.d.

The only source of potential auto-covariance in the mis-pricing is the time-varying aggregate

supply that depends on the realization of ETF demand shocks. Specifically, we have

Covi_14+[Prs1 — NAVi 1, P, — NAV,] ~ 6% Covymgy Ly + e, X1 + 11

B , (69)
= 52 Covt—l+[H**A§€t,H*€t] = 53H**A§Z§H37

and there is no obvious reason why this quantity has to be negative. Indeed, the following is true.

Proposition 7.3 (Price Gap Persistence) For generic «, there exists an open set of ¥¢ for

which the price gap s positively autocorrelated.

In my model, mis-pricing persistence arises because demand shocks influence future supply of
ETF shares and the corresponding risk premia. When a demand shock hits ETF prices and pushes
them up w.r.t. to NAV, the willingness of arbitrageurs to correct this mis-pricing depends on their
expectations of tomorrow’s prices. If they anticipate that prices will increase even further tomorrow
because creation/redemption changes the total supply, they will be long ETF shares even though the
latter are over-priced. Thus, mis-pricing becomes a self-fulfilling equilibrium effect: anticipating an
even higher mis-pricing tomorrow prevents APs from betting against the mis-pricing today, which

further amplifies mis-pricing.

I now discuss the impact of primary market liquidity on equilibrium dynamics. If cash trans-
actions in the primary market were almost costless, deviations of ETF price from the NAV would
be hard to sustain because APs would exploit these deviations and create/redeem shares to correct
them. However, since creations/redemptions only happen with a delay, significant intraday devi-
ations may still occur before the APs have the chance to correct them in the primary market. In
particular, it is natural to expect that the price gap will mean-revert very quickly to zero when A¢
is sufficiently small. This may have a non-trivial effect on the volatility of the price gap and actually

push this volatility up when A¢ decreases. The following proposition confirms this intuition.

Proposition 7.4 (Primary market liquidity and the response of price gap to supply shocks)
The sensitivity 11, of the price gap to supply shocks and the price gap volatility can be both increasing

and decreasing in Ac.

Interestingly, the same intuition also applies to the dynamics of prices of both the ETF and the
basic securities. If we increase A, prices become more sensitive to demand shocks today because
ETF liquidity drops; however, at the same time, tomorrow’s prices may become less sensitive
to today’s demand shocks because there is less creation/redemption. Dealers, anticipating less
creation/redemption and hence less arbitrage activity by APs are willing to provide more liquidity
in the basic securities markets. As a result, longer-term and shorter-term volatilities may be non-

monotonic in A¢. Namely, intuition is confirmed by the following proposition.

33



Proposition 7.5 (ETF liquidity and volatility) The volatility of basic securities’ prices may

be non-monotonic in the ETFE primary market illiquidity Ac.

I now present several numerical examples of the behavior of equilibrium volatility. I separately
consider the cases of high and low risk aversion of APs. When APs’ risk aversion is low, they will be
providing a lot of liquidity in the ETF markets and will be less constrained by their hedging needs.
As a result, both ETF prices and the prices of underlying securities will be much less sensitive to
ETF demand shocks, and hence both H? and the shorter-term volatility (see (63)) will be very
small, as is illustrated by Figure 2. When risk aversion is higher, the magnitude of H? is larger and
one can more clearly see the U-shaped dependence of the shorter-term volatility H? Y (H§D ) on Ac
(Figure 1).%® Surprisingly, Figure 2 shows that the longer-term volatility is monotone increasing
in A¢, which is again counter-intuitive, given that longer-term volatility (see (63)) is driven by
the creation/redemption. The reason is that, when A¢ increases, ETF liquidity drops, and this
makes prices more sensitive to the amount of aggregate risk. That is, H)’% increases in A¢. Thus,
while Ag drops in response to an increase in A¢, this effect is offset by the increase in H)’%, the
the product Hgﬂg increases, making the longer-term volatility go up.?® It is also important to
note that the ranges on which the Ao varies on Figures 1 and 2 are different. The reason is that,
for Ac below that range the no-bubble condition max(|eig(Ax)|) < €’/? fails to hold, and hence
equilibrium existence cannot be guaranteed. One can clearly see this instability on Figure 1: As A¢
decreases to the lower threshold of the region, creation/redemption intensifies, pricing become more
non-stationary, and volatility spikes. This again emphasizes the important role that the primary
market illiquidity plays in stabilizing the market: when Ag is too low, equilibrium may simply fail

to exist and markets may collapse.

8 Multiple ETF's

In this section, I investigate the effects of the presence of multiple ETFs. I start with the question
“Do ETFs increase volatility and co-movement?” which was recently investigated empirically by
Ben-David, Franzoni, and Moussawi (2014). I address this question by considering the effect of
introducing new ETF's on the volatility and co-movement of basic securities. After the introduction
of a new ETF, demand shocks continue to influence the dynamics of basic securities’ prices, but
the nature of ETF trading changes, as does the way demand shocks are distributed across different

markets. The following is true.

Proposition 8.1 (Does the introduction of new ETFs increase volatility and co-movement?)
Fiz a pair of securities i, j. For a generic new ETF, there exists an open set of matrices X¢ such that

the introduction of this ETF reduces the volatility of these two securities and their co-movement.

38The same U-shaped pattern is also present in Figure 2, but is difficult to observe due to an insufficient magnitude
of the effect.

39The creation-redemption effect also makes longer-term volatility increase relative to the shorter-term volatility
on Figure 1, but the effect is small in magnitude.
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The intuition behind the result of Proposition 8.1 can be gained from the single-ETF case.
Suppose for simplicity that there are only two ETFs with portfolio weights f1, fo. Then, the shocks
& affect equilibrium prices through the quantities &; = Covy(&; - diy 1, Dy ¢41), where k = 1,2 is

the corresponding ETF. Then, the exposure of the price p; to the shocks & can be re-expressed as

2

Pit~ D Wk ky Cov(dipi1, Diyi1)Shae = Ainére+ Ainay
kit ko =1

for some coefficients v, 1,, where

2

Aip = Z%m Cov(dit+1, Dk t41) -
kim1

Suppose for simplicity that the coefficients vy, 1, are fixed.*0 Then, the introduction of a new ETF
number 2 effectively creates exposure to an additional shock &. By properly choosing the new ETF
weights, we can find that the two demand shocks EM, gu are negatively correlated while at the
same time the coefficients A;; and Ay ; are of the same sign, such that the new shock offsets the
old shocks and reduces the overall volatility of security 7. Note that, interestingly, this “volatility
substitution effect” works even if security dividends are not correlated with the new ETF dividends.
The reason for this is that trading in the new ETF attracts some of the trading from the old ETF,
which exposes the security price to the £2; shocks even if security’s fundamentals are not correlated
with those of the new ETF.

Figure 3 illustrates these effects. Initially, introducing new ETFs reduces volatility through
the demand substitution effect described above. However, eventually, the ETF market becomes

“over-crowded”, and there are “too many” ETFs that make volatility go up.

The next important question concerns the role of ETF trading for the liquidity of basic securi-
ties. According to Theorem 6.1, illiquidity is (approximately) proportional to the basic securities
variance, and hence the overall effect of ETF demand shocks on the liquidity is negative; when
risk averse dealers anticipate more demand shocks and larger volatility, they reduce their liquidity
provision. However, Proposition 8.1 above immediately implies that introducing new ETFs may

improve liquidity in some of the securities. I formalize this observation in the following proposition.

Proposition 8.2 (Do ETFs improve liquidity in the underlying securities?) Fix a pair of
securities 1, j. For a generic new ETF, there exists an open set of matrices X¢ such that the intro-

duction of this ETF reduces the volatilities of these two securities and their co-movement.

The presence of a primary market with an exogenously given illiquidity A (chosen by the ETF
sponsors) naturally raises the question of the link between the primary market liquidity and the
secondary market liquidity. Given that the primary market serves as an additional source of

liquidity for APs, it is natural to expect that improvements in the primary market liquidity (that

190f course, in equilibrium, these coefficients are endogenous and depend on the ETF weights.
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is, a reduction in the spreads and costs charged by the ETF sponsors to APs) should positively
influence liquidity in the secondary market. This intuition is partially confirmed by the following

proposition.

Proposition 8.3 (Primary market liquidity and secondary market liquidity) Suppose that
Ao is sufficiently small. Then, secondary market liquidity of any ETF is increasing in the primary
market liquidity of any ETF. At the same time, the introduction of a new ETF may lead to a drop
in liquidity for some of the existing ETFs.

The fact that liquidity spills over from one ETF to all other ETFs is a positive result that
shows that there are complementarities in liquidity provision by ETF sponsors. At the same time,
Proposition 8.3 shows that financial innovation (introducing new ETFs) may have unintended con-
sequences for existing markets. The intuition behind this result is based on the demand substitution
effect: when there are more ETFs, APs may decide to provide more liquidity in the new market at
the cost of reducing liquidity provision in some of the existing ETFs. This observation may have
important implications for the design of new ETFs by sponsors. Specifically, when introducing a

new ETF, sponsors should ensure that it does not hurt liquidity in other existing markets.

9 Conclusions

The unprecedented growth of the ETF industry over the past two decades has attracted a lot of
attention from academics, practitioners, and regulators. The dynamics of risks and liquidity for the
increasingly complex ETF landscape have become a major concern of many market participants.
In this paper, I develop a rigorous theoretical framework for studying the pricing, risk premia, and
liquidity of ETFs. My model allows for any number of ETFs and underlying securities, making it
possible to study the ETF universe jointly and to investigate the mutual impact of trading different
ETFs. My results indicate that ETFs may be both a blessing and a curse. That is, introducing new
ETFs may lead to a significant amplification of speculative behavior of arbitrageurs, destabilize the
market, and lead to a spike in volatility; however, at the same time, a “good” ETF may actually
stabilize the economy, lead to a significant reduction in volatility, and improve the liquidity of
the underlying securities. Regulators should be aware of this phenomenon and investigate the
consequences of different ETF designs on the market.

In my paper, all ETFs are physical and hence do not involve any counter-party risk. At the
same time, many of the modern ETF's are synthetic; they effectively serve as securitization devices
for pooling less-liquid instruments and expose ETF investors to counter-party risk. These effects
in general equilibrium is an important topic of investigation for future research.

Finally, in my paper, information is symmetric, and ETF's play a pure risk-sharing role and are
very liquid because fundamental risk can be hedged. In reality, ETFs may also be more liquid than
the underlying securities because ETF investors are less subject to adverse selection. Investigating
the role of ETFs in price discovery and their interactions with asymmetric information is another

promising direction for future research.
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Figure 1: Volatility of basic securities and primary market liquidity , A¢. Short- and long-term
volatilities are defined as square roots of expressions in (63), but annualized: the short-term
volatility is multiplied by 2522, the long-term one is multiplied by (252/ 2)1/ 2. Parameter val-
ues: N =10; L=1; Xg=Id+ 1yxn; e = X = 0.051d, ayx =2, ayg = 0.2; aup = 0.02; r =
0.05/252; F = 1.
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Figure 2: Volatility of basic securities and primary market liquidity , A¢. Short- and long-term
volatilities are defined as square roots of expressions in (63), but annualized: the short-term
volatility is multiplied by 252'/2, the long-term one is multiplied by (252/2)'/2. Parameter val-
ues: N =10; L=1; Xg=1Id+ 1yxn; Xe =3¢ = 0.05Id, oy = 0.2, ayp =0.2; axp =0.02; r =
0.05/252; F = 1.
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Figure 3: Volatility of basic securities and new ETFs. Short- and long-term volatilities are defined
as square roots of expressions in (63) but annualized: the short-term volatility is multiplied by
252'/2 and the long-term one is multiplied by (252/2)'/2. Parameter values: N = 10; L = 1; ¥q =
Id + 1nxn; Xe =3¢ =0.051d, ay =2, axp = 0.2; a,p = 0.02; r = 0.05/252. The ETF universe
starts with F = %1; Ac = 3. Then, every new ETF is introduced using a Gaussian random number
generator, and then weights are exponentiated and normalized to add up to one. The shape of the
graph is robust and looks similar for most random ETFs that have been generated.
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B Securities Dealers: Proof of Proposition 5.1

To solve the HJB equation, we first compute

E;

exp { —ap((l—e ")(e"(My —ct) + (w4 +ep)-digr
+ x4 (ﬁ =+ H_)’% <)€'* —+ AX/ft_1+ + A£§t> + HQDCH-I — €rpt))
+ 0P + VP (G, X ) — 0.5(Gep, (93* + Ax X1 + Ag&))TWD(CtH, (f* + Ax X1y + Agft)))}]

= E;

exp { —ap((l—e ) (e (My —ct) + (z¢+e¢)-d—0.5ap(x + Et)TZd(:L‘t + &)
— D [ vx* 1 v 1 D r
+ a-(p + Hx (z’\.’ + AxXi—14 +«4§€t> + I G1 — €'pr))

+ 0P + VP (G, Xiy) — 0.5(Gat, (92* + Ax X1y + Ag&))TWD(CtHy <)E* + Ax X1y + ﬁgét)))}]

= exp { —ap ((1 —e ) (e" (M —¢t) + (zr+¢e¢)-d—05ap(l —e (s + )T Salxs + &)
+ x-(p + IR (93* + Ax X1t + Agﬁt) —e'py))
D yD (o To% 7 T NP i N WD (%1 T i
+07 +Vy - (X + AxXi—14 + Agft) - 0-5<X + AxXi—14 + A§€t> Wy <X + Ax X1+ + A§§t>> }

det((S51 — apWP)~ )3 (57 W ={TE

(det Ec)1/2

X

(70)

where

Y = (EC_I — OéDWCD)_l (EEIE —ap ((1 — e_r)(Hg)Ta:t + VCE + WCD,X ()E* + A)(.)Et71+ + Agft>>>
Thus, the optimization problem over x; becomes to maximize
x(l—e™")- (d— (I1—eNapXeer+ (p + HQ (?E* + A X 14 + f(gét> —e"py)

+ H?(Zgl — OzDWCD)fl <E€l(j —ap (Vép + ng,))( (./'\;* + AX‘A_T}_H_ + Ag§t>>>>

—0.5ap(1 — e )2l <2d +IP (st - aDWCD)’l(HgD)T) @,
(71)
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which gives the optimal trade
¢ +z,1 = e"Bp <J— (1 —eMapXaer + (p + Hg (?E'* + Ax X1y + ./Zlgﬁt) —e"py)

+ H?(Egl - ozDVVCD)_1 (Eglg —ap (VCD + ng <2\?* + AxXi_14 + Agft)))) (72)

= Qp + ORXi14 + ©7¢ —Bpp
= (@)~ Bpp) + (O —BplIR) X1 + (6F — BpIIP)g,

where

Bp! = ap(l - ¢7)(Sq+ I (5! = apW?) 7 (m2)7)

Q% = ¢ "Bp (d + p + IRX*+TP(S — apWP) ! <2<1< —ap <V<D + W£X£*> >>
0% = ¢ "Bp (IR — 1P (5! — apWf) lapWPy) Ax

OF = ¢ "Bp <H§ (s - aDWCD)—laDWEX)Aglg —ap(l—e e "BpYyl.

(73)
This defines a fixed point system for WP and VP :
¢ 00
eWwP = —(0P —Bpll”)"(e""Bp) (O — Bpll”) + (A)" WY A+ap(l—e")?[ 0 0 0
0 00
(I—eT")d
ervb = 0 + AT (V}B —WRX* + (3 —apWE) N (EC—ap (VP + Wé?XX*)))
0
+(OP = BplI”) (e "Bp) " (Qh — Bop).
(74)

This defines the optimal policy matrices as a function of just three matrices (A, Hg, H? ).

Now, the optimization problem over consumption can be rewritten as

max(_e—ac _ e—ﬂe—a(l—e_"")(M—c)—I—W*)
c

where W* is the quadratic expression computed above. This gives ac = a(1—e™")M —e " W* 4 ¢*
for some constant ¢*, and the dynamic programming equation follows by direct calculation.

Finally, the transversality condition takes the form
lim Ee P70V = 0.
T—o00

It is straightforward to show that, when W/-\]? is negative definite, any exponential growth in the

X;_14 process is always offset by the quadratic term X, ; +W§ X;_14, and the claim follows if 3 is
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sufficiently large. The fact that Wf() is negative definite follows from the following lemma.
Lemma B.1 Suppose that a matrix W satisfies

ew = ATwA - B
where B is positive definite and A satisfies max(| eig(A)|) < €’/2. Then W is negative definite.

Proof of Lemma ??. Consider the operator A* on RV*" acting as A*(W) = ATWA. Then, it
is straightforward to show that eig(A*) = eig(A) x eig(A) = {A1A2 : A1, A2 € eig(A)}. Rewriting
our equation as

(Id—e"A YW = -B

we get
W = —e " Z(G—TA*)TL(B) _ *2(6_T/2¢4T)n6_r8(6_r/2¢4)n,
n=0 n=0

and the claim follows. m
Suppose now that supply shock volatility is small. Then, we have
B, ~ e Tap(l—e ") (Sq+ LS IP)T)
Bp ~ e (ap(1—e") 1Sy — 05 TIPS (M) s
of ap(l—e ") (! —ox ' mPs (mP) s, (H;’@ — 5H?Z<aDW£X>AX

Q

(
0P ~ (ap(l—e) ' (Z;" - 52;111?24(115)%;1)((112 - <511?2404DV\/£X),41515 —ap(l— e—r)zd1g)
(75)

C ETF Clients: Proof of Proposition 5.2

The dynamics of the clients’ money market account is given by

Myyw = e (My—c—P-y) + (FTyt +&) -diy1 + yr- Pt
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To solve the dynamic programming equation, we first compute

Ey

exp { —ap((l—e ) (" (M —c;) + (Flyi+ &) dia
D E [ px* 1. v 1 E T
o (P TR (4 Ax®ys + A&y ) + &1 — €' R))

+oF + V. (641, X)) — 0.5(E41, (/"E* + Ax X1t + Agft))TWE(ﬁtJrh (92* + Ax X1 + A£§t>))}]

expd —ap((1—e ) (e"(M; —¢) + (Fly +&)-d—0.5ap(Fly + )T Sq(Fly + &)

+ oy (P + Y (/'\?* + AxXi1y + Agﬁt) + If& — €' Ry))

+ 0% + V- (&1, Xy) — 0.5(641, (9\?* + Ax X1y + A{ét))TWE(ft—Q—lu (9\?* + Ax X1y + Aﬁft)))}]

= exp { —ap <(1 —e )My —cr) + (Fly+ &) -d—05ap(l—e ") (Fly + &) Sa(Fly + &)
+ g (P + TI§ <9€* + Ax X1 + Ag&) —e'R))
“E vE (%% 1% 1 O AR T 1
+ 0%+ Vy - (X + AxXi—14 + Ag&) - 05(?( + AxXi—14 + .Ag&) Wy (X + AxXi—14 + Ag&)) }

det((Egl _ aEng)_l)60.5({”(251—ang)Y—énglg’)

. (det X¢)1/?

(76)

where

Y = (3 —apWf)™! (Eglé— op ((1 — e (I ye + VE+WEy (22* +AxX_14 + ./Zlgft)>> .
Thus, the optimization problem over 3; becomes to maximize
Y - ((1 —e Fd—ap(l—e")?’FSe& + (1 —e ) (P + TI¥ (A?* + Ax X1y + Agft) —e"P)

+(1- e_T)H?(Egl — ozEVVéE)_1 (Eglﬁ_ —opg (VgE + ng (2\?* + Ax X141 + Agft))))

—0.5agyl (1—e")? (deFT + I - aEng)*l(Hf)T) Yi
(77)
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which gives the optimal trade
v = Sg <F(j— OLE(I — e_T)FEdft + (p + HJ)E( (A?* + ./Zt;\{)agfpr + A§£t> — GTPt)

+ l'IéE(Eg1 - aEWg)_l <E§1£_— Qg (Vf + ng (??* + AxXi_14 + Agﬁt))))

(78)
== Q*E + é/EY‘-.)Et_l_;,_ + égEft—SEGTPt
= Qp + 68X 1y + OF¢ —Spe(P + NMEX,_1, + TIP¢)
= Qp + OFXi_1y + Of4
where
Szt =(1—e"ag (deFT + Pt - awa)—l(Hf)T)
Qr = Sk <FJ—6TP + IR+ I (! —aEWéE)_1<E§1§_—aE <V5+W5XX*>>> 7
79

oL = Sg (H;bg — (s - awa)*laEWg?X)AX — Spe'li
of = Sg (H§ —Ig(s ! - aEWéE)_laEWgX>flg — Sp(e"lf + ap(l— e ")FSy).

This defines a fixed point system for W¥ and VF :

W/% W)E(§ ENT (oEN—-1E NTYVE A —7r\2 0 0
r £) = —(0F)(8P)'OF + (A)WEA+ap(l—e"
e(ngwg (OF)7(S") 10" + (ATWEA+ap(l—e ) o

0 A % ey —
E _ T \E E px -1 [N 5 o
+(0")1 85" Q-
(80)
This defines the optimal policy matrices as a function of just three matrices (A, I'I)E(7 H?)

Finally, the transversality condition takes the form
lim Eile ?T=0v;] = 0.
T—o0
It is straightforward to show that, when Wf is negative definite, any exponential growth in the

X;_14 process is always offset by the quadratic term /'\?tzil +W§ X;_14, and the claim follows if 3 is
sufficiently large.
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When § is small, we get
Sg' = (1= Ma(Sp + TERE))
Sp~ ((1—eMap) (85! — 0S5 TIES(IE) 23"
Qy = Sk (Fd + IRX +TE (S — apWf)™! (2515 —ag (vf + WgX/’\_’*) ))
0 ~ ((1-e¢Map) (55! - 52;%525(115)%;)((115{ - 5H§EE§aEW5X)AX - eTH)E(>
Of ~ ((1—eap) (S5 — o3 MEN(ME) S5 (1§ - HE(S! — apWf) " apWiy ) A

~ (' + ap(l - ¢ IFE))
(81)
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D APs: Proof of Proposition 5.3

I will use x,y to denote individual AP portfolio holdings at time t. We first compute everything

conditional on the results of time ¢ trade:

(1 — 677“) M[’t+1 + V;%,t+ - 05/?72;)/\/.)2,54_
+ (V&1 — 058 Webpr — &L ) We x Xy

= (1-¢e7) (e*(]\?[u — 14— 0.5ZENcZc — 052 A1 Z1 — Pi-y — pi-x)
— F"Zc pri1 + ey - (Fdeps + Pir) + @p - (di +pt+1)>

T
+ WV <X0+ + th> - 05 <X0+ + th) Wy <X0+ + BXt>

+ (Vgétﬂ - 0-5§tT+1W§§t+1 - §tT+1W£7XX_t+)

= (1-¢™) (J (Mu — ey — 05ZEAcZe —05Z N Z — Py — py- x)
+ <]7 + % (X5 + BX) + H?(@?&H)) Nz —F"(Zr + Z0))
+ ($ + FT(y + Zc)) dy1 + W+ 215+ Zo) - ([5 + HJ)E( <)(6r + BXt>)>

~ Wex <X0+ + M))

+& (Vg +(L—e )W) (x = F"(Z1 + Zo)) + (W) (y + Z1 + Zo)

— 0.565  Weéiia

T
+ Vy <X0+ + th) - 05 <X0+ + th> Wy (Xg + BXt>

46



Now, we can integrate out the €41, &1 shocks as well as the dy41 shock:

— B¢

exp (—O[ ((1 - eir)Ml’t+1 + VT/EH_ — 05%7;1/\/2@”) ]

_ _e—a((er—l)(Ml,t—c,,t—0.5Z§ACZC—0.5ZITA,ZI—Pt.y — pe-x))

T

T
X exp <— a(l—e™") (ﬁ-i— IR (XS_ + BXt) + Hng_) (x = F1(Z1 + Z0))

—a(l—e)- (P + 0% (XJ + BXt>>T (y+ Z1 + Z¢)
+0.502(1 — e "2z — F1(Z; + Zo)) "2 (MY (x — F1(Z; + ZC)))

X exp < —a(l—eNd (z+FT(y+ Zc)) +0.502(1 — e ")z + FL(y + Zc)) ' Sa(z + FT (y + ZC))>

det((Zgl _ awg)*l) 60.5(175(25*1fawg)*lfzgfénglg’)
(det 5¢)1/2
= _e_a((e’r_1)(Ml,t_cl,t_Pt'y - pt'w))

T
X exp (v* ~a <(7>o +Px) @ b %~ 08X Rk~ 05 @ He @))
T
X exp <—a <(C7+ Gx Xy + Go + Gyy) - (5;) B 05<§é> Rz <§;>>>

X

(83)
where I have defined
Ve = (Eglg—Oz(Vg-i- (1 —e ") @) (x —F"(Z1 + Ze)) + W (y + Z1 + Zc)
(84)
e <X0+ ; th)))
Here,
Ar 0 o D DT Id Id
Rz = (=1 + (1 —-e ")aFIIYY (FII ®
Z (6 )(0 AC) ( € )Oé € ( 5) Id Id
(85)
0 0 Id Id
+(1—eT)? + (1—e ") 2ol (2 —anwe) I @
( e)a<o deFT) (1 =€) all (X" —aWe) Id 1d
where

I, = IIf — FII.
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Furthermore,

(G + GxXs + Go + Gyy)

=(1—e ") ((P—Fp)+ (I — FIY) (XS + BA,) — FIIPe) ® G)

+al- e PRIZE?) e (1) + - e (p)

— 0
~all = gy 4 57y) )

+ (1= e NIL(S ! —aWe) ™! <zglg— oY <v£ +(1—e)

~ Wex (XJ + th>>> ® G)

()" + (1) "y

whereas
P+ H;E((XJ + BXt> +Fd
Po+PxrXy = (1— e_r)< _)
pHIR(X) + BY) +1Pe+d (87)
—r HﬁE -1 -1 —1g +
+(1—-e) H? (Ef —OéWg) Eg E—al Ve —Wex| Xy + BX;
and
_ FY FT Fy,
Ryl = a(l—e" 2
bt = all=e) ( 0 H?&(H?)T)
(88)
E E\T
+a(l-e")? e (S — o)™ e
[0 e HfD ¢ « 13 H?
and
Vo = By —B"Wa X — WeaB) (31 —aWe) ™! (2515 e (vg - W§7XXJ>> :
and
Rx = B"WxB+aWeaB) (371 — aWe) ' We B (89)
This gives
7 —~
( Zé) = RFG+ G+ Go + Gyy) (90)
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The optimization problem (after integrating out the shock ¢;) takes the form
(e" —1) < —(p + O¥X_1y + T2 (OPe+084)) 2 — 05a(e” — 1)2z" TIPS (T17) "%
- (15 + H)E(-)Et—l—l— + 95E§t) : y)
e (roeme (a2 (Y50)))- () e (- (7))
t
T
0s (1)) e (3 a1 ) 03(2) (1)
xT T (91)
T
+0.5(§+QX <X +A” ( >>+Qxx+gyy) R,
X <§+QX (XO + A” <Xt 1+>) +G x+gyy>
— oyt (Xt—1+> _ 05 <Xt 1+> (Xt 1+>
&
 (aeo () (1) -os(2) ()
&
Here,
Gr 0 0
Rg = R[ym] - < >RZ (gy gf) +a(e - 1) <0 HDEE(HD)T>
Gy +G* (Xt‘“) = (¢ -1) Q P >

&t + MRX 1 + H£§+H55t
+Po + Px <X0_ —1—.%_1( t§1+>> (92)
¢
T ~ T
(gt (G v0r (55w (Tg7)))
V* = (AW (A R X + (G AT) RS (G + G X))

Rt = (A)T"RrA™ — (Gx A )R, G A

The optimal position is then given by

(£) = we (o5 (")
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and the outcome of this maximization is
.)E 1 /? 1 T -)E 1
y+ . ( t— +> N 0'5< t— +) R+< t— +>
&t &t &
- T -
X X,
t t

_ 0'5(QS)TR§IQS + (er + (g+)TR§1g6k) . (th—tl—k) —0. 5( (ng)TR 1g+)

This gives the HJB fixed point system
W = e (A)"ReA™ = (Gx A ) RS G A™ — (GT)RG'GT) (95)
V = e+ (01 RGGH)

Finally, the transversality condition takes the form

lim E[e ?T=0v] = 0.

T—o0

It is straightforward to show that, when Wy is negative definite, any exponential growth in the
X;_14 process is always offset by the quadratic term )EtT_l +WX2@_1+, and the claim follows if 3 is
sufficiently large.

E Small Demand Shock Volatility: Proof of Theorem 6.1

We have, keeping only first order terms in § :

~ (B(0) + 6B(1)) (Wx(0) + W (1)) (B(0) + 3B(1))

+a(W§X(0)B(0)+ SWe,x (0)B(1) + We 2 (1)B(0))76(5¢ ' — saWe) ™!

X (Wex(0)B(0) + 5(We.x (0)B(1) + Wex (1)B(0))) (96)
~ B(0) Wx(0)B(0) + 5 (B(1)Wx(0)B(0) + BO)Wx(1)B(0) + BO)Wx(0)B(1)

+ a(Wex(0)B(0)) SWe x (0)B(0))

)
(

To compute the matrix A~ describing the change in the total holdings, we note that, by market

clearing, we have
A, B A E
Y TY = Yoy T Y (97)
ef +af = aly +aly — Flogy
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Now, we have

(eT — 1)A[ 0
RZ ~ r —7r\2 T
0 (" —1)Ac+ (1 —e ") *aFXyF

+ 0(1—e")2a (FH?(O)EE(Fﬂf(O))T ® (Id Id) (98)

Id Id
Id Id
+ L (0)211,(0) ®
s (2 1)

However, since in the limit as § — ETFs become redundant, we have IL,(0) = 0 and hence the

second term vanishes. Therefore,

Q

R—l
z Id Id

_ _ r Id Id _
R7(0) = 0R; (0)(1 — e7")?aFIIP (0) 5. (FIIZ(0))" @ ( ) Rz'(0)
The matrix Rzl(()) is the only place where ETF transaction costs enter equilibrium equations.

Now,

G = 5(1 - ) (IE ) - FIR)5 o () (99)

where I have used that 1% (0) — FIIZ(0) = 0 and I1.(0) = 0 because ETFs are redundant in the

limit. Similarly,

_ 0 0 _ 0 FHOPy. (IIP)T
. ~ 1_ r\2 (5 1_ r\2 £ > £ . 1
Gy G2) ~ —a(l=e™) (FEdFT m)* a(l—e™) (0 FH?EE(HED)T) (100)

Similarly, we have

FY,FT Fx
Rg ~ afl —eT)? d d
>, FT 3y

+da((1—e )%+ (e" = 1)%) (8 10y (EHD)T>

D D T
roa(- (" Joze (s )0 - (&) 0R201(6, 690 (101)
3 3 z

Id Id

Id Id

gg -1 —r\2
_ 5( _ (gg) (0OR,(0)(1—e™") aFﬂf(O)Ee(Fﬂg(O))T ® (

) R7'(0)(Gy Ga)(0)
Gy

n (gg)u)nz(o)l(gy G:)(0) + (Q;{

it )R, %)(1))
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where we have used that in the limit as § — 0 we have H€E = FH§D because ETFs are redundant.

Furthermore,

T
(gT) (0/R2(0)" (G, G2)(0)

B o (0 FXFETY (e =170 0 0
= a(l—e™") T _ T (102)
0 Y4F 0 Ag') \F2,FT Fx,

A—1 3—1
ol ey FEdFTiAC Fy,FT FEdFTiAC Fy,
SFTAL'FE,FT S, FTALFY,

where we have define
Ac = ((¢" = DAc+ (1 —e ) 2aFSFT) /(a1 —e™)?).
To compute the inverse we will need the following auxiliary result.

Lemma E.1 We have

-1
dpir Op12
0ply A+ dp22
_ (07N (p1r — Gp1a(A+ bp22) T pTa))Th il pr2(A + G2 — Splypry p12)
—(A+ bpa2 — dplapii pr2) " plapii! (A+ 6pa2 — 6plapiy pr2)
(97 o e pe AT ol o pra AT
~ 1 (103)
— A" Lo ATl
s 0 p11 p12A™ (p22 — plapry pra) A7
A (p22 = plapii ) A plopt = AT (p22 = plapiip12) AT
0(3) 0(5%)
0(s%) 0(5)
Now, to proceed further, we will assume that ETF are simply a subset of the existing assets.

41

Namely, we assume that
F = (Id 0)

where we have partitioned the covariance matrix of the basket securities as
by by
5, = E ED
Ypr Yp

4Tt is straightforward to show that this assumption is without loss of generality. Namely, one can write F =
U(Id 0)V where U,V are orthogonal matrices, and then show that U and V cancel out in the final expressions.
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Then, the total covariance matrix can be rewritten as

Sy Y ¥
Fe,F7 FR,\ EE EE EED _(1a F) (0
S FTx, E E XED| =

YpE XDE XD

and, similarly,

(gg)«nﬂzan-%gy

A—1 A—1
ol ey FEdFTiAC FS,FT FY,FTAS'FE,
S FTAL'FEFT

F\ (0 0
Id/ \0 X FTAS'FY,
Id F\ (0 0 Id 0
Rgl = [a(1—eT")? _
0 Id) \0 —XqFTAZ'FE,;+ 3%y

FT 1d

_ _e—T2 Id
= a(l—e7) (0

0 Id

G2)(0)

Id o0 0 (0 0
= a(l—e™) _— + 9
—-FT 1d 0 —SFTAL'FE + g

I will denote _
Ye =
Ag =
Then, defining

(IPs. (1)) (0)
(P 5e(11P)")(0).

Ay = SFTALFS.FTALIFY,,

93

Id
0

S FTAL'FY,

Id
FT

Id

0 Id
0 2,/ \FT

)
)

0
Id

) + 5Rg(1)> _
‘F>7ax1><

(104)
Id 0
—-FT 1d
(105)
(106)

K

Id
0

-F
Id

)



r\2 r 0 0

Rg(1) =a((l—e)?+ (" —1)?) (0 i)
o [FAGFT FA;
fal-—e )2<A5FT A§>

~ 0 FX,FT\ (A1 0 F>.FT Fy.F7
—a(l—e T)2 - Lo 1 S 5
0 X4FT 0 Ag FY.FT Fy.FT

T ASFY
" a(l B e_T)Q FAAF FAA - ) 0 B - FEdFTAC er_ B
ANFT Ay S FTALFSFT S FTALFS, + SFTALFY.

with

(107)

+a(l—e)? (O 0 ) (108)

o 0 ~FX.FTASFY,
ta(l—e™) S FTA-FS FT S FTA-L TRl
S FTAFS.FT S FTAZFY, + 2, FTASIFS,

—r P11 P12

—a(l —e")? -
P12 P22
pi1 = (14 e¥)FE.FT

pr2 = —(1 4 ¥ )FS. — FE.FTAZFY, (109)
poz = (1+ €)% + Ag + Ap + (SFTAZFS, + S,FTALFE,L).
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Let also
A=-SFIAFS, + %,

Then,
—1
0 O Id —-F Id 0
1—e")? + 6 Ra(1
<a( e (0 A) (0 Id) o) (—FT Id) > o)
~ (a(l— e T)2)"! 671 (B11(0) +6B11(1))  Bi2(0) + 6 B1a(1)
Bgl(O) + (5B21(1) BQQ(O) + (5322(1)
where
B11(0) = piy
Bi1(1) = pii praA " plypr!
Bi5(0) = —pii'pr2A”! (1)
Bop(0) = A™!
Bi2(1) = pi} p1aA ™ (p22 — plapi pro) A7
Ba(1) = =A™ (p22 — plapii p12) A7
Furthermore,
nZB e
Pr = (L—e ") 5 ) +@—e) 5 )" —aWe) " aWe xB
nen g ’
(112)

~ . ((FO2(0) +611E(1))B _ (FII£(0)
e )<<H§X<o>+5r1§(<1>>6>+“‘e )<H€D<o>>52§aw“‘8

and therefore

~ (e — g Iy e (FIIR(0) + OII% (1))B o FI17(0) N -
~ ( 1) < ) + ((1 )( D ) > + (1 )< H?(O) >5Z§ W&,'yB A

(113)
Recall that

and let also
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Then,

ey (e 511, (1)
‘ MR (0) + oTI2(1)  (TIP)(0) + 6(TIP)(1)
1L, . N
+ ((1 — 6_7’) <(H§(0) N fﬂ%g(l))) + (1 —e ) H;(O)) (SESQW&)() B(.AX .Aé ) (114)
{0 o M)\, «
0=y i) (i) ks 20

— (1—e) 6G11(1) 6G12(1)
G21(0) +6G21(1)  Gaa(0) + dG22(1)

where we have defined

Gii(1 IL.(1)(e" — (Ax)(0))
Gi2(1) = —€"TL.(1) 4 IL.(1)(A¢)(0)
" — (Ax)(0))

= 1R (0)(Ax) (1) — IR (1) (e" — Ax(0)) + P (0)ZeaWe 2 (0)BAZ(0) — £FT AL, (1)Ax(0)
€

Gao(1) = IR (0) Ag(1) — " (TIP)(1) + I (1).A¢ (0) + TIF (0) SeaWe x (0)BA; (0) — ZgF " A T (1) Ag (0) -

(115)
Now, we have

Ci1 C
(g-i-)TRglg"‘ ~ (a(l—e_r))—l (C%i C:z) (116)

where

Ci1 = G21(0)" B2(0)Ga1 + 5{911(1)TBH( )G11(1) + G21(0)" B11(1)G21(0)
+(G11(1)" B12(0)G21 (0 )+g21(0)TBl2(0)TK11( )+ (G21(0 )TB22(0)921(1)+921(1)T322(0)g21(0))}
Ciz = G21(0)7 B22(0)G22(0) + 8[G11(1)7 Br1(0)Gra(1) + Gar (0)7 Baa(1)Gas (0)
+(G11(1)" B12(0)G22(0 )+g21(0)T312(0)T912( )) + (G21 (1) Baa(0)G22(0) +921(0)TB22(0)922(1))}
Caz = G22(0)" B2 (0)G2(0) + 8|G12(1)7 Br1(0)Gua(1) + G(0) Ba (1)G2(0)

)" Bua( (

+ (G12(1) B12(0)G22(0) 4+ G22(0)" B12(0)7G12(1)) + (G22(0)T Ba2(0)Gaa(1) + 922(1)322(0)922(0))}
(117)
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The fixed point equation for W takes the form
W = e " ((A—)TRXA— . (g+)TR§1g+)
~ e "(A7)"(0) (B(O)TWX(O)B(O) + 5(8(1)WX(0)B(0) + B(0)Wx(1)B(0) + B(0)Wx(0)B(1)

+ a(We,x(0)B(0)" ZeWe, x(0)B(0))

vt [C11 Ci2 _
—(a(l =€) 1 (Cg C22> ).A (0)
e (B(O)%(O)B(O) ~(a(1— ) ( i) C”“’;) )ft(m

—r 50 F\T T - (0) -
+ e "6(A7)(0) (B(O) Wx(0)B(0) — ((1 —e ")) <C12(0)T ng(O)))A (1)

(118)
In particular, zeros order terms imply the fixed point for W(0) :

— e (A T T — (a1l —eT -1 611(0) 012(0) T—
W(0) = e "(A7)"(0) (B(O) W(0)B(0) — (a(1 ) (Clz(O)T ng(O)>>A (0)

T ™7T
= TAT0) (B(O)TW(O)B(O) ~ (=) (G0 ) Ba) (10 )A-<o>

Now, recall that

A
Y1+

V _ E
X1 = Y1
D
|

Zot—1+

however we know that W only depends on the total endowment Z;_14 = 27 | + 22 —FZcy 14
and yj_ 14 = y{i 1+ +y£ 1 because market clearing will imply that all agents positions and also asset
prices only functions of these aggregate risks. This will be reflected in H)’% and in B, A that will

only depend on these aggregate risks. However, the matrix B involves everything in a non-trivial
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way, and hence we do need the whole matrix A. We have

vi' U1+ — (Qp+ 08T 1y + O 514 + @gEﬁt)
1 = :cj‘; _ cR+ Hg‘_gt + efg:at_lt + 01y
Yy Qn+ 0Lz 11 + OJj11+ + 084
zP Tr1r — (CF + 086 + 07T 10+ 0,%14) 120)
Id —A(agf —(?45 —%E
= X;+ gyE gﬁ; (iﬁ*) - ggE &
—ayA Id —meA o —GEA
y x 13

where we have used that

U= Qp+05X_1r + 084 = Qp+0iz 1y + O)j14 + 07

Yt
and
at = OF + 9?& + 0331, + 9;4§t71+,
and
-Q5
CD
Xy =| 1
QE
_CE
e 1Ff gr -
Gt = —(e" - 1) ( X %) + Py A+ < ?)Rzlgxfl_
n g1
ng nf I Ir _
~ (T 3 o -r X T 3
~ (6 1) <H§ H?) + ((1 e )<H§> + (1 e )<H?> 5(Z§ +5E£CXW5Z§)04W§7)( A

FY.F? Fx.F7 I, 4 61 SeaW, -
1/ sp—1 1 — e7)2 e e -1 1—e " ok * g £X -
<RZ O =Rz O = o | g pr psipr | 72 O )OO0y smrscamwe )P4
(121)

and hence

I —F) oo 1oy (OO +990(2)) 3(Gra(1) +0G12(2)
0 Id G21(0) + 0G21(1) G22(0) + 0G22(1)
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with the new (second order) terms given by

G11(2) = —€'TL(2) + ILu(2) (Ax)(0) + Tea (1) (Ax ) (1) + L (1) X (Ax) (0)

- . : (122
G12(2) = —€"IL(2) 4 Ik (2)(Ag)(0) + IL (1) (Ag) (1) + L, (1) 3 (Ag) (0) )

Therefore,

£ _ X
(f) = mst (qi v (M
“Y(B11(0) +6B11(1))  Bia(0) + 5Bl2<1>)

( Bo1 ( ) + 5321(1) BQQ(O) + 5322(1)

5(G11(1) +6G11(2))  8(G12(1) + 6G12(2)) (Xt1+> (123)
G21(0) + 6G21(1) G22(0) + 6Gaa(1) &

+0D11(1) D12(0) + 6D12(1) <Xt1+)
+ 51)21(1) 2(0) + 51)22(1) gt '

Here,

D11(0) = B11(0)G11(1) + B12(0)G21(0)
= =B (0)IL.(1)(e" = (Ax)(0)) — Bi2(0)IIF (0)(e" — (Ax)(0))
)

D12(0) = B11(0)G12(1) + B12(0)G22(0)

= B11(0)(—e"TL(1) + (1) (A )( )) + Bi2(0)(—¢" (I )(0) + TIR(0) (A¢ ) (0)) (124)
D21(0) = —F"(B11(0)G11(1) + B12(0)G21(0)) + B22(0)G21(0)

= F'Bu(0)IL.(1)(e" — Ax) + (F7 B12(0) — Ba2(0))IIX (0)(¢" — Ax)

Dy2(0) = —F7(B11(0)G12(1) + B12(0)G22(0)) + B22(0)G22(0)

2(1)
= —F"B11(0)(—€"TL(1) + I (1) A¢) + (B22(0) — FT B15(0))(—€"(117)(0) 4 1% (0)A¢)

In order to compute the last stage of the dynamics, we need the optimal creation/redemption

policies. We have

Zr+ Zc = (Id 1d) <§I ) = (Id 1) R, (G + Ga X + Got + Gyy)

C
yit
3 I iy e (MY [
~ (IdId)R,'G + (1d Td)R(0)"'5(1 — e )(H**(1)>B o
oD (125)

FX.FT Fy.FT
x ol —e")? 0 O - 4 0 F%E (y’é>
F2,FT Fyy, 0 FX. zf
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Furthermore,

yi'
A E A B A
S Yiy + Ui > < Yoty + 2 + Zous > + i
Xy = = = X7 +(B(0)+6B(1
" (33244_ +aP —FTZc, 35;54 +zP — F'(Zcyw + Zray) o +(B(0) ) yE
D
Ly
This gives
B(0) = Id—A'FE,FT —AS'FE,  Id 0
~ \ FTAZ'PS,FT 1d 4+ FTAZ'FE, 0 1d
and hence
1d-0F —eF
_ _ Id — AZ'FS,FT —AS'FY Id 0 o4 o4
Ax =B0)Ay = T——(i dT g——ld v: E
FTAZ'FS,FT  1d+FTAZ'FE; 0 1d ! OF
—6  1d— 62
while
_@gE
_ _ Id — AS'FY,FT —~A'FY Id 0 04
Ae =BO)A; = i1 dT ?*—1d %
F A FX,F Id+F'A,FX; 0 Id O
_pA
13
Finally, market clearing
Qn + O¥X 1 + 95E§t + CH+ 03X 14 — BaPi=g14 (126)

CF + 03X 14 + 086 +Qh + ORX 1y + O0¢ —Bppr = T114

implies that

e = (Ba)! (((1 — e Map) L(SE - 52];111525(115?2;)((115 - 5H§25aEW§X)AX - ernﬁi})

+ 0% — 1y>

M = (Ba) ™ ((1- e ap) ™ (55" = 085 MERME) w5 (M5 - ME (S - apWh) apWiy ) Ae
— (¢'TE + ap(l— e ")FE))
ey = (1R — 1Py capWly) Ax
+ap(l — e ) (g + TIPS MP)T) (a1 = e7)) " (D21 (0) + 6Dax (1)) — 1]
e = (HQ — 0P LcapWp X) et ap(l—e ") (g + IS IP)) (a(l — e7")) " (D22(0) + D20 (1))
TP = —ap(l—e )%y

(127)
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while the identity
Qp + 05X 14 + OF&+(K)+(a(1—e) T (D11(0)+0D11 (1) K14+ (D12(0)+6D12(1))&) = Gr—1+

implies the following equations for (f’: 4,0%):
(1= e ap) (S5 - 055 TES(E) s, (1§ - o1ESeapWEy ) Ax - eTIF )

+ (a(l =€) (D1 (0) + 0D (1) = 1,

(1 e Tar) (55 - £ (115 - NE - apf) taswE) A

7)1 (D12(0) + 6Di12(1)) = 0

In particular, in the limit as § — 0 we get that
Ba)' (1= eap) 55! (MF Ay — eTIF ) + 04 —1,)

ny =
X
(]~3A)_1((1 - e_r)aE)_lEf_El (Hgﬁg — (erﬂgE +ag(l— e_T)FEd)>

E _
nf =
'Y = TR Ax + apXyfa1Da1(0) — (1 — e ")1,]

= MRAx + apXy [a—l (FTBH(O)H**Q)(J — Ax) + (FTB1a(0) — Baa(0))IIR(0)(e" — Ax)) - e_T)lx]

1Y = TIYA: + apSqa " Daa(0)

(1= e ap) 55! (ME Ay - ¢'TF) + (a1 - ™) 'D(0) = 1,

(1—eMag) 'S5 (H;E(Aé — (@TE +ap(l - e_T)FEd)> + (a(l — )" 1D1a(0) = 0
(129)

The first two equations are simply used to pin down B 4 and \I')A( that do not appear anywhere else.
FHQ, and substituting this into the last two

Furthermore, we know that 11§ (0) = FIIY, Hf
equations gives use equations for I, (1), II,(1). We have
Substituting the equation for Dy3(0) into the equation for HgD, we get

eTHé) — H;’%Ag

= aDzda—l( — F'B11(0)(—€"TL(1) 4+ M. (1) A¢) + (B22(0) — F' B12(0))(—e"(TI£)(0) + 115 (0).A¢ )
(130)

which implies
'Y —TRA: = QapSea™'F By (0)(e'TL,(1) — I, (1) Ae) (131)

with
Q = (Id+ ozDEdoz_l(Bzz(O) — FTBl2(O)))_1 .

Similarly,

I2(0)(e" — A2 (0)) = QapSq [a’lFTBH(O)H**(l)(e’" CAx) - (1—e )1,
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Finally, the last two equations imply

(1= e ap) 15! (MEAx — € TF ) + (a1 — 7)1 Dua(0) = 1, .
(1—eMag) o5 (H;E(,ig — (€TE +ap(l - e_T)FZd)) + (a(l — )" 1D1a(0) = 0

Here,
A3 (0) = BO)A3(0) = Id — A'FS,FT —A'FYy Id 0
AN T\ FTA RS FT 1d+FTAGFYS, 0 Id
(a(l =€)~ D11(0), (a1 =e™)) D11 (0)s
y (a(l =€) Day(0), (a(1 =€) D1 (0),
Id— (a(l —e )" D11(0)y, —(a(l —e ") 1 D11(0)s

—(a(1=e7) "D (0)y,  Id— (a(1 =€) Da1(0)s

AalFZdBZQ(O) ) HQ(O)(@T o A;{(O))

=1Id + (a(l—e")" <_FT[\51F2dez(0)

o A FY 3B (0) _ - _
= Id 1—e )t c QapX TP B (0) L (1) (e" — Ax) — (1 — e 7)1,
+ (a(l—€)) (_FTAElFEdBQQ((J) ap d[a 11(0)ILs (1) (e x)—(1—e™") ]
(133)
while
D12(0)
- _ Id — A FE,FT —AS'FY, Id 0 D22(0)
Ae(0) = B(0)A; (0) = _c ¢ 1—e ")t
e0) (0)4¢ 0) <FTA01FEdFT Id+FTA'FS, 0 1d (a(l =¢™)) —D12(0)
—Da2(0)

Id - A 'FYFT —A'FYy Id 0 (a(l— ey
= _ _ [0 — €
FTAZ'FE,FT 1d+FTAZ'FE, 0 Id

B11(0)(—¢"ILu(1) + L (1) (A)(0)) + Bz (0)(—e (I1P)(
(= FTBu(0)(~e L (1) + T (1) A¢) + (Boa(0) — BT Bi(0 >>< ><

~ (Bu(0)(=eTL(1) + T, (1) (Ag) (0)) + Bua(0)(—e <H£>< > ;’%(
—( —FTB11(0)(—e L (1) + I (1 )Ag) + (Ba2(0) — FTB15(0))(—e (HgD)(O) + HQ(O)Ag))

= T'QapXga ' F'B11(0)(e" (1) — T (1)Af)

X

where -
RG'FS,Bas (0) )

: 135
—FTAL'FE,B22(0) (135)

I' = (a(l—e") ! (

Now, in order to solve the system, it remains to solve for IL.(1),IL.(1). To this end, we first
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substitute all the expressions to get

D11(0) = —Bui(0)ILu(1)(e" — (Ax)(0)) — Bi2(0)TIR (0)(e" — (Ax)(0))
= —Bu(0)IL(1)(¢" — (Ax)(0)) — B12(0)QapXq|a™ F' Bi1 (0)ILa(1)(e" — Ax) — (
D12(0) = B11(0)(—€"TLi(1) + (1) (Ag)(0)) + Bra(0)(—e" (IT)(0) + IIR (0) (Ag) (0))

= B11(0)(—€"TL(1) + (1) (A) (0)) — B12(0)Q apTaa™ 'F' Bi1 (0)(€" TLe(1) — T (1) Ag)
(136)

1—e)N x};

\_/\/

Therefore, we can the rewrite the equilibrium equations

(1—eag) 'z (FH)’%(AX - €T)> + (a(l—e")) "D (0) = 1,
((1— e*r)aE)*lzgl( ~FQapSqa 'FTBy1(0)(e'TL (1) — M (1)Ag) + ap(1 — e*T)de> (137)
+ (a(l —e™) D (0) =0
as
— (1= e Mag) ' NE FQaps, [a—lFTxp** (- e—r)Lﬂ]
+ (a1 - e*”))*lld{ — 0., — Bo(0)Qapty [a’lFT\IJ** —(1- e*r)lxﬂ =1,,
((1— e—f)aE)—lz]le( “FQapSea'FTU, +ag(l— e_T)FEd))
+ (a(l—eT))d [ —, - Blg(O)QaDzdalequ*} =0
where we have defined
V.o = B (0)ILa(1)(e" — (Ax)(0)), ¥ = Bi1(0)(e"ILi(1) — k(1) A¢(0)) -
Solving these equations, we get
-1
U, = a(l—e™) (Id +ap(a ' Bia(0) + a;E’lF)QEdFT>
X [— 1, + ap(a ' Biy(0) + a3 S5 F)QT,1, } (139)
-1
U, = a(l—e™) (Id +ap(a~'Ba(0) + aglz,;lF)deFT) SLIFS,
Then,
Ax(0) = 1d + I'QapZy [aleT\p** (- e*’”)1x}

_ (140)
Ae(0) = TQapXga 'FIT,

and therefore we get

M,..(1) = 311(0)*%11**(6’“ - (Id + TQapSy [oleT\If** —(1- e”)lxD)_l
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whereas
e"IL.(1) = B11(0) ', + I, (1)T QapXga 'FL o,

whereas
2(0) = QapSe|aFro,, — (1 e—’“)14 (e" — Ax(0)) L. (141)
with
Bi2(0) = —((1 + ¥)FEFT) "L~ (1 4 ¥)F2. — FE.FTAS'FE, ) A~ (142)
and
Q = (Id+ apZqa Y (A~ —FTB»(0)) !
whereas
. = HP0)=.(MP0)" = (eTap(l —e )82y
and
Bi1(0) = ((1+ )FL.FT)~!
and

A= -3 FTAFS, +3,.
Continuing like this, we get
e'TIP(0) = (IIR(0)I +1d) QapSea ' FT 0,
Now, in order to determine the slope B A, we rewrite the fixed point equation as
FTIP(0) = B3 ((1—e Map) 'S5 ( ~FQapSea ' FTU, —ap(l - e_T)FZd> . (143)
that is
~ ~1
BA(0)Fe (TR (0T + Id) QapSea ' Fla(l — e") (Id +ap(a~ ' Ba(0) + a;z;;lF)deFT> NEFS,
= ((1- e_r)ozE)_1< — Y, FQapTea 'Fla(l —e™)

-1
X (Id +ap(a~'Ba(0) + aglzglF)deFT) S — ap(l - e*’”)zgled)
(144)

which gives

— -1 -1 T -1 —1y—1 !
BA(0) = (- S FQapay SF (Id+aD(a B13(0) + ap' S5 F)QS,F )

~1d)

-1

/N

Id + ap(a~ " Bia(0) + aglz;F)deFT) (e—TF(HQ(o)F +1d) QapEFT(1 - e_T)>
(145)
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and hence

-1
BA(O)_l = (e_rF(Hg(O)F + Id) QaDEdFT(l _ 6—7“)) (Id + OéD(OZ_1312(0) + O[EIE IF)QZdFT)
X ( ~ 3 FQapay SgF" (Id + ap(a~'Bia(0) + aglzglF)QZdFT) _ 1d>
(146)

F Single ETF

Let f be the K vector of security weights in the portfolio. Then, we have

| >

-1
C = ((14 ) T80 f) (1 + ) I SaSSa + [T SaSSaf AL fT24) (Edl + I‘ilszT>
“ATs
1

_ 2r T (1 +62T)C*]\61
= M<(1+€ J(EZaf) + =

T A—1T
- + c. A
1- A% Predelf

C*fTEdf T o i T T
+A%(1—A512E)f > - C*(Zazdf) +b*f

(147)
where ¢, = fT35;2.24f and ¥ = fT3,f is the ETF variance, and

_2+€2T A
S l4e 1A

c (148)
1
C Z

Then,
A=-ASif(Saf)T + 2
]\71
AT = T
c X

A—1

-1
Q= (Id +apYqa! (2;1 + Ailff f(i(Zdef)T + b*fT)))
1-— ZE Cx

= (14 apa™HId — Sqf(def + exZcTgf) ))_

(1 + OéDOéfl)*l .
(L+apa™) — (df + exXeXaf) Saf Laf(def + exeXaf)

= (1+apa™ )7 Ud + g¢.Zaf fT 4+ hSaf (B Zaf) "

(149)

=(1+apah)71d +

with B
(1+apat)™t apa=t A

1_apat AS'Se 1+4e]— A
1+e” 1-A'sSp

gx =

c
R
(150)

b — (14+apa=H™t apa™!

1 apa~! /_\Ele Cx
I+e?” 1-Ag'Sg
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T = (a(l_e—r))—1< AalFEdAil ) _ (a(l_e—r))—lA(_fl< fT ) = fy)k( fT )

~FTA'FE A 1—-Ag'Sp \—f /7 —ffr
(151)
Then,
1
U, = ol - e—”)(l +ap (a_lac* + (o by + aglxgl)zE)
—1
x (1+apa™) " +g.3p + h*c*))
1
X [ —1,+ap (a‘lc—(ZEEdf)T + (b, + a;z,;l)fT) (1 + apa~t)~11d
+ 9-Zaf I + hTaf (5eTaf) ) Tala] (152)
1
= A [ —1,+ap ( [a‘lc—[(l +apa™ )T 4+ e + (@ o + aglz;;l)h*z,;} (824 )T
1
[0 Zgece + (@71 + 05" SE)(1 + apa™) T+ .36)]fT) Tale
*
= A1y + [5a(Baf)T + ke fT] Bals
where
2+ e A -1
_ - -1 ~1 c —1y—1
Ar=a(l—e 7")(1 —i—ocD(oz + (oz Trer 1 —]\Ele +agp Xy )ZE)B*)
N 1+apa)™t apa=t AZ! (1+apa~t)~! _
B>|< — ( 1 1 1 ( _ _C Z _ 1)
(apa) 1 — apa! Ac'Se 1+4e€%r1— AE'lEE o 1 — apa! AG'ZE apa
1+e* 1-Aj'Sp 1+e* 1-Aj'Sp
) 11 1 14+ apa=tH)~! _
Jjx = Asapa 1—{(1+al)a h=1 4 ( D _)1 apo 1}
C* 1 _ aDa_l AC EE
1+e™ 1A 'sg
2+e2 A (1+apa™H)™t apa™!
A, [ -1 ¢ —ly-1 _ > }
+ @D (a 14e2r1 — E’le tag &p )1 __apa”! Ag,lX)E Cy E
1+e’" 1-Aj'sg
1 —1y—1 -1 A=l
b = Ao [a‘l ( 4—0@047_)1 aDa2 —Cll
] _caepal Ac¥p 1+4e¥1-AYgp
1+e* 1-Aj'Sp
24er  AG! e
-1 c 1y—1 -1
+ 1+62r1_]\512E+O‘E ¥ ) (1 +apa™)
n (14+apa)™' apa™t AG p)
1— apa~l /_\Ele 1 + €2r 1 7512E E
1+€2T 1*/_\712E
(153)
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and
1
. = a(1—e7)(ld+ap (a‘l(;(zszdf)T +0.f7) + ag' g )

< (Lt apa ™) a4+ g.80f 7+ hSaf (SeSaf)))8af) S5 75 (154)

=AY Ty,
Then, we have
7
—1f
x apSafa [ i1 0) + [(ZZaf)T + k7] 0 50)] - (1 - )0 10)]

- Id + [(1+QDO‘_1)_1 +g*EE]fT+h*EE(E€Edf)T
T\ 4 apa )+ @SBl T+ hSpf(SeSaf)T

x apZa[o [~ is(10) + [u(ESaf)T +kafT] 0 50)] — (1 -0 1d)] (155)

N B (e 9 ZE)f" + hEE(E:2af)"
=+ apa™) ™ + 0 Sal 1T + hEpf(S-af)T

X aD( — o' Sqf o [ Eaf (BeSaf)" + ke Saf fT - (1 e‘r)ald]zd)
P11 gr
=1Id _
i <—fﬁn —fBT>

BT = B1a(Zaf)" + Bra(BaXeSaf)T

Ay ~ Id 4+ < T) ((1 +apa A+ ¢.2qf fF —i—h*Edf(Edef)T>

where

and
Bi1 = —veapa ti (1 + apa™) ™t + 0. 868k + hEpcy)
612 = ﬁY*aDa_l[[(l + CYDCK_l)_l + g*ZE]k*EE + hoXpkeCy — (1 - e_r)a[(l + aDa_l)_l + g*ZEH
613 = ’Y*aDail[[(l + OCDail)il + g*EE]]*EE + h*EE]*C* - (1 - eir)ah*EE] .

(156)
Therefore,
. Un (e" —1— B11) 1B Us
"d - Ay)t = 157
(€ %) <—U22f511(€r —1— )" Us2 ) (157)
where
Up=(e"—1=Bu+B"((e" —DId+ fB7) ' fB1) 7!
r r - (" —1)7H(B123E + Brzcs)?\ 1
— (e — 1= B+ B11(Br2Xe + Brsca) (e — 1)~ = By @ 1)+ e T Frace ) (158)

e’ — 1+ By
éﬂ_l_ﬁll‘kﬁ*

= (-1
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where we have used that

BYf = (Bra(Zaf)” + Bi3s(ZaZZaf)T)f = B12ZE + Bises = Ba

Similarly,
1 N1
Up = (e"—1)7" (Id + rfﬁT)
¢ —1=Fn (159)
1 _
e — 1)t <Id - T >
( ) 6’”—1—511+5*fﬁ
Furthermore,
1 1 fTEd T -1 —1y—1
~ Af , A = v " AY 1+ + g« X5 + hecs 160
3 £<—ffTEd £ BEle aD(( apa” ) 9x2E C) (160)
and
. = (L4 e™)e(eap(l = e )2 ( —ie [(SZaf)T + ke fT] Za)
r —13T
" U1 1 (e"—1—B11) "B U (161)
—Usa fB11(e" =1 = P11)” Uao
= (I, 711 (Zaf)” + m12(ZaZ:Saf)")
where
. =

(14 e*)e(e"ap(l — e_’"))2< — 0011 — [ (ZeZaf)T + ke fT) SqUna fBra(e" — 1 — 511)_1)
m1(Zaf)" + mi2(SaZeSaf)”

(14 e*)eule "ap(l — €_T))2( —is(e" = 1= 1) B U + [ju(B2af)" + ki fT] EdU22>

(162)
Thus,

e = (14 e™)ew(e "ap(l — e )2 A* S f15 + (11, w11 (Zaf)T + mi2(ZaXeSaf)T)

1 1\—1 szd
X e A* aD((1+aDa‘ )~ +g*EE+h*c*>

(163)
— TSy
= ﬁ*fTEd
where
T = (1+e™)eu(eTap(l —e )24 S,
(164)
+ (Hz* — T1YE — 7T120*)’}/*0671A* ap ((1 + OéDOéfl)il + g+ XE + h*C*>
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Now we can compute underlying securities prices dynamics and liquidity. We have

ny ~ ((1 +apa YA+ g Eaf 1+ h*Edf(EaEdf)T)
x apa~! (—i*Edf Saf e (BeSaf)T + ko fT] Sg — (1 — e*?")azd))
" Un (" —1—B11) ' BT U

—Upa fBr1(e" —1— By1)7 ! Us2

= apa! ( —i*[(1+apa™ )™ 4+ 6. 25 + hec,Zaf
(165)
[(1+apa™) ™+ 6 + hacuSaf s (B-Zaf) T + ki fT] S4

—(1—eMa ((1 +apa™)TMd + g2 f T + h*zdf(EsEdf)T) Ed>

Ui (" —1—B11) BT U
—UsafBri(e" —1—B11)7 ! Uaa
= (ﬁfzdf —ape (14 apa™ g+ Saf (R Saf + ﬁ%zdzgzdff)

where
7’ryD = —apa i [(1+apa™) ' + 6.2k + hecUn
— OzDOZ_1 ([(1 + OéDOé_l)_l + 9«2 E + haci][jucs + kX E] (166)

(e" —1)" 181
er—1-— 611 + B*

- (1- e_T)oz((l +apa ) 4+ .38 + h*c*>>
while

Sif (TR Taf + 7RoZaS:Zaf)T
(er—1)7!
er—1-— 511 + B*

= —’L*O[DOéil[(]. + OéDOéil)il + Q*EE + h*C*}Edf,BT

+apat(e" —1)7! ([(1 +apa ™)+ 0.35 + hec ) Saf G (BeZa )T + ko f1] 3

— (1= e a(9.8uf 7+ hBaf (SeZan)") zd) (o)

- OZDOé_l ([(]— + aDa_l)_l + 9«2 + h*c*][]*c* + k*zE]

L, L 1 .
—(-e )Q(Q*EE + h*C*>> (¢"=1) leT — 1=+ &deﬁT
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implies that

(e -1
e —1-— Bll + /3*

ﬁ-)Dfl = [ - i*aDa_l[(l + aDa_l)_l + Q*EE + h*c*]

- OZDOZ_I ([(1 + OZDOZ_I)_1 + g«2E + h*C*H]*C* + k*EE]

(168)
1

€T—1—511+B*

—(1- e_T)a(g*EE + h*C*)> (" — 1)t B12

+apat(e" —1)71 <[(1 +apa )+ 0.3 + heeke — (1 — e_r)ozg*>

and
(er —1)7!
er—1-— 611 + B*

ﬁ)D(Q = [ - Z.*aDa_l[(l + aDa_l)_l + g*ZE + h*C*]

- OZDOZ_1 ([(1 + OZDOZ_l)_l + g+2E + h*C*HJ*C* + ]{?*EE]
(169)

—(1- e‘r)a<g*2E + h*C*)> (" — 1)1 ! P13

e’ —1— B+ B«

+apat(e" —1)7! ([(1 +apa™) 4+ 0.3E + heeis — (1 — e_T)ah*>

Therefore,

T
2, / = Y (7‘rD +ape "1+ apa™t) — (78,25 + ﬁggc*))defT
- Y (170)

¢ ~ e (fyzdffT + Id) ((1 +apa )+ .35 + h*c*)apaflA*zglzdfszd - H?’*EdffTEd,

I = <(1 +apa )T 4 g 2p + h*c*)ozDa_lA*E;;l(l +42E)

o)
p)
Q

eTap(l—e ) (zd + 6P ()T + HEEE(HE)T))
(171)
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Proof of Proposition 7.1. We have

_ _ _ _ _ _ Yt—1
pit = pi + <7TyDEdf —ape (1 +apa 1)Zd+2df(7r)[glzdf+7r)[()22d282df)T)i<it 1+>
-1+

+ IO (Saf)if " Sage + (10%);
= i + Covi(d;41, Dt+1)(7?53?t—1+ + H?’*gt + 781 Covi(Zy—14 - dps1, Dit1)
+ 78y Covi(Ty—14 - dpy1, 2eZaf - dis1)) — ape™ (1 + apa™) Covy(Fi—14 - dit1, digi1)

— ape "(1 —e ") Covi(ditt1, stTdtH)
(172)

and the claim follows. m

G Many ETFs

Proof of Proposition 8.3. We will perform expansion in large ozA51 When « is large, we have

A= (@l —e ) A +FEFN ™ = S5 —e(a(l —e ") IS5 AcE ! (173)
and hence
- Yp % Yol —er(a(l—e ) IS ACE 0
1d - SFTAZ'F ~ 1d - <ETE EED> ( g —€ (o 60 ) X Ay !
D
Bp (174)
e(a(l—e) A, 0
~ST Y Id — e (a(l —e )Tt 1d
and hence
- Ta(l—e")YpAL! 0
(Id_EdFTAalF)il ~ ( T —1 r : a(—r —el ) E—lc - - ¢ )
YppXp (Id—e"(a(l —e™)) " AcXy e "a(l —e™")XpA, 1d
(175)
and therefore
- Ta(l—e")EpAL! 0 Y X
(2;1 _FTAalF)—l ~ e "o ; )71E CT B TE ED
(e"a(l —e")EppAs —XppEy ) Id Ygp XD (176)
677‘06(1 — €7T)ZEAE«12E eirOé(l — eir)EEAE,IEED
ema(l—e XL AYE) ST (eTa(l — e AL - 25 SEp + 2p
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Thus, we have that the part of ETF liquidity that depends on A¢ is approximately given by

0 0

677406(1 — eir)ZEAale 677“04(1 — 67T)EEA512ED (177)
eTa(l—e XL AYE L (ea(l —e AL - S5 2Ep +2p

y <(1 +eMd + (55" — e (a(1 — e )18 AeSph) 8) 5 pT

FS <(1 +eMId + (55" — e(a(l —e )75 AcSy) 0)
g

0
and the leading asymptotic term is given by

(14> d+ S SpA Se((1+)Id+ 251 0

e "a(l — e "FE
—y 0 :

) S.FT (178)
and the claim follows. m
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